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Renormalisation Group
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Navier-Stokes field theory

forced Navier Stokes equation for incompressible flows

ov

AN
6t+v %

1o . .
—;Vp+ w27+ f

m incompressibility condition V-v=0
m (X, t) gaussian stochastic stirring force with variance
()1 %1)) = 20438t — YN (X — 2)).

with N, peaked at the integral scale (energy injection)



Navier-Stokes field theory

ov

- 1- - .
— 4 V-VV=—-Vp+vV?V/+f  with V.-v=0
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(fo(t,X)f3(t', X)) = 28a86(t — t')NL(]X — X']).

MSR Janssen de Dominicis formalism: NS field theory

Martin, Siggia, Rose, PRA 8 (1973), Janssen, Z. Phys. B 23 (1976), de Dominicis, J. Phys. Paris 37 (1976)
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Navier-Stokes field theory: extended symmetries

m time-gauged Galilean invariance: G = {
o well-known

0va(t,X) =¢a(t)

m time-gauged shift symmetry: R = { 556 %) = valt, R)a(t)

o not identified yet!

LC, B. Delamotte, N. Wschebor, Phys. Rev. E 91 (2015)

infinite set of local in time exact Ward identities
for all vertices with one g =0

) (w0, @ = 0; {wi, 1) = Do (0)TST200 (w1, 1))

(ozTngzm+n(Vlaﬁlv"' )Vm-‘rlaa:O?'“) =0



Non-perturbative Renormalization Group

» based on Wilson idea of the RG
— progressive coarse-graining of fluctuations

» exact RG equation for W =1InZ

Polchinski, Nucl. Phys. B 231 (1984), Wetterich, Phys. Lett. B 301 (1993)
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m R, : separates fluctuations K

B j; : sources
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Non-perturbative Renormalization Group

» based on Wilson idea of the RG 1 :
— progressive coarse-graining of fluctuations ju] T

» exact RG equation for W =1InZ

Polchinski, Nucl. Phys. B 231 (1984), Wetterich, Phys. Lett. B 301 (1993)

B 52)/\},{ oW, W,
OWi = — / Ox[Reslij(x ){6j,-(x)6jj(y) TS 51}(y)}

exact but infinite hierarchy for flow of connected correlation functions. . .
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Non-perturbative Renormalization Group
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Non-perturbative Renormalization Group

closed flow equation for all G("({t;, 5;}) in the limit |5;| > L' J
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> key point: large wave-number expansion |p;| > L~!

Ro(q?)
h > 0.Re(F;) =0
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Non-perturbative Renormalization Group

closed flow equation for all G("({t;, 5;}) in the limit |5;| > L' J

D2 qg~0 k+l=n+1

> key point: large wave-number expansion |p;| > L~!

R(@?)
" > 0. Re(p;) =0

> 0RAG) : ldl < |

= set g = 0 in all vertices

I « 2 q

m asymptotically exact in the limit |p;| > r ~ L1

2

m close with Ward identities vertices with ¢ = 0



Non-perturbative Renormalization Group

closed flow equation for all G("({t;, k;}) in the limit |k;| > L1 J

O = K@ ({t;, ki}) +O(kmax)

ti, ki .-

—

k . . .
{t,, k} / J 4 (e:w(tkftz) — oWt _ giwte | 1)

wll—l

with the non-linear part hidden in
O(w) = = [, {260,:N(@) |G, G — 260,Ru(d) Culw, DRG (1, ) }

M. Tarpin, LC, N. Wschebor, Phys. Fluids 30, 055102 (2018)



Time dependence of n-point correlation functions

solution at the fixed point: universal behaviour

m standard critical phenomena: decoupling at large l?,
K@({t;, ki}) =0

m solution:
fixed point + decoupling = scaling form (Family-Wilczek)
with K41 scaling: z=2/3, d, = —1/3

G . ({tnk}) = ky % HS, . ({K Pt ki/ki}) J

— standard scale invariance



Time dependence of n-point correlation functions
Small time delays

solution at the fixed point: non-decoupling !

m |limit of small time delays t; — 0
— — n - 2
]C(2)({t,', k,}) — ’Co({l’,’, k,}) = /0 ’ Z kktk}
¢
m solution (p; appropriately rotated wave-vectors):

standard scale invariance
@ = — 2/3,
G o (Lt ki) = pr % He, o, ({21, 11 })
X exp (—a0L2/3 | Z E4t4|2 —l—O(EmaXL))
)

violation

— breaking of standard scale invariance



Time dependence of n-point correlation functions
Small time delays

solution at the fixed point: non-decoupling !

m |limit of small time delays t; — 0
KO ({ti, ki}) = Ko({t ki}) = 5| > kete|?

¢

m solution (p; appropriately rotated wave-vectors):
not exact

G o, ({tis ki}) = py % HS, o, ({01t 71})

X exp (—a0L2/3 | Z Egtg|2 —l—(’)(/?maXL)>

¢

exact

— intermittency corrections at t = 0 not captured at this order



Time dependence of n-point correlation functions
Large time delays

solution at the fixed point: non-decoupling !

m limit of large time delays t; — oo

KOt ki}) = Koo({ti ki}) = 12D ki ke (|t + [te] — [t — ti])
P

m solution (g; appropriate linear combination of wave-vectors):

G o (8, {ki}) = 07 HY . (03t {01})
x exp (—ase L2 [] 3 ke - ke + O(kmaxL)
k¢

— breaking of scale invariance, crossover in the time dependence



Two-point correlation function at large wave numbers
Small delays: random sweeping effect

H(el/3k2/3 t) exp ( - ao(eL)2/3 k2t2)

€2/3
C(t, k) = k11/3

scaling form (z=2/3)

scale dependence (z=1)

random sweeping effect J ‘
CNS256° @

» early predictions: L

Kraichnan (1959), Tennekes (1975)

(k)

» frequency energy spectrum

E(w) o< w3
+# standard scaling theory © i *
. o Favier, Godeferd, Cambon,
with z =2/3 = E(w) xx w2
Phys. Fluids 22 (2010)

Chevillard et al, Phys. Rev. Lett. 95 (2005)



Two-point correlation function at large wave numbers
Small delays: random sweeping effect

numerical data |

e our simulations

based on pseudo-spectral code

Lagaert, Balarac, Cottet,
J. Comp. Phys. 260 (2014)

e JHTBD
Johns Hopkins TurBulence Database

http://turbulence.pha.jhu.edu/
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LC, Rossetto, Wschebor, Balarac, PRE 95 (2017)




Two-point correlation function at large wave numbers
Small delays: random sweeping effect

numerical data |

analytical prediction )|
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Two-point Correlation function at large wave numbers
Large delays: another breaking of scale invariance

. 2/3
Ct, k) = —— H(3K?3t) exp (— oo 3143 K|t])

k11/3
scaling form scale dependence
breaking of scale invariance | turbulent air jet )
1
» different form m i'ij]?:]‘:(s:::ruf:\;inlcrpolaliun

than random sweeping

crossover from k2t2 to k2|t|

» hints of this crossover
in experiments

Normalized auto-covariance Cy(T)

Poulain, Mazellier, Chevillard, Gagne, Baudet,
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Eur. Phys. J. B 53 (2006)



Time dependence of generic n-point functions

at small time delays

G o ({tn ki}) = pr % HS, o ({0t 1))
X exp <—aOL2/3 | Z Egtg|2 4 O(I?maxL))
l

at large time delays

G o (8 (K} = 07 O H (63t {61})
x exp (el [t] Y K- K + O(KnaxL))
k¢




Energy spectrum in the dissipative range : theory

universal behaviour of the solution in the dissipative range

m kinetic energy spectrum

1 L
10' 10 10° 10* 10°



Energy spectrum in the dissipative range : theory

universal behaviour of the solution in the dissipative range

m kinetic energy spectrum

1 L
10' 10 10° 10* 10°



Energy spectrum in the dissipative range : theory

universal behaviour of the solution in the dissipative range

regime of k > k, t — 0, but existence of a finite scale n

assume that scaling variable saturates tk?/3 — €'/37y /12/3 = (n/L)?/3

m kinetic energy spectrum
2/3

E(K) o g7zexp [—u(nk)]
» valid for large k > L=! but controlled by the fixed point

at very small scales, regularisation by the viscosity
— simple exponential decay



Energy spectrum in the dissipative range : theory

> several empirical propositions exp[—ck?]
with v = 1/2,1,3/2, 4/3, 2,...

Monin and Yaglom, Statistical Fluid Mechanics: Mechanics of Turbulence (1973)

> early theoretical arguments advocated v =1

Kraichnan, Fluid Mech. 5 (1958), Foias et al. Phys. Fluids A 2 (1990) She, Jackson Phys. Fluids A 5 (1992)

> numerical studies

b e
Martinez, Kraichnan et al., J. Plasma Phys. 57 (1997) -10 & —gi;
) ) ) 20 -
Sreenivasan, Antonia, Annu. Rev. Fluid Mech. 29 (1997) = R — &7
£ -30 ——R,55
Ishihara, Gotoh, Kaneda, Annu. Rev. Fluid Mech. 41 (2009)  ° o J -
-50 \
Schumacher, EPL 80 (2007) \\
-60
Khurshid, Donzis, Sreenivasan, Phys. Rev. Fluids 3 (2018) 70
0 5 . 10 15
o

Near Dissipative Range with exp[—ck?], 7 <1

two regimes : { Far Dissipative Range with  exp[—bk]




Energy spectrum in the dissipative range : experiments

SPHYNX team, Iramis/SPEC (CEA/CNRS)

von Karman swirling flow
PIV: particle image velocimetry

@© L. Barbier, CEA
PhD Brice Saint-Michel (2013)



Energy spectrum in the dissipative range : experiments

SPHYNX team, Iramis/SPEC (CEA/CNRS)

kinetic energy spectrum

von Karman swirling flow 10°
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Energy spectrum in the dissipative range: experiments

SPHYNX team, Iramis/SPEC (CEA/CNRS)

von Karman swirling flow kinetic energy spectrum

—4.4% (/€)% + 3.0

E(0) /3 -5/

PhD Brice Saint-Michel (2013) o o310 5. yoream, Mz.dmm
= Re=3.10 °, p=16um, Ax=0.48mm

Re=3.10 5, 7=16um, Ax=0.24mm
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100}

analytical prediction )i

0 0.‘2 0.‘4 y 0.‘6 0.8
. Kk 2/3 (/0O
E(K) exp(—p(nk)<~)

k5/3 Dubue, Kuzzay, Saw, Daviaud, Dubrulle, LC, Rossetto (2017)




Energy spectrum in the dissipative range : experiments

ONERA S1MA wind tunnel Modane (ESWIRP European project) J

) . grid from the ESWIRP project
ONERA wind tunnel facility

from ONERA website

(© ONERA conception CMA (P. Toscani)
M. Bourgoin et al., CEAS Aeronautical Journal (2017)



Energy spectrum in the dissipative range : experiments

ONERA S1MA wind tunnel Modane (ESWIRP European project) J

compensated spectrum

0.1F

0.01¢

inertial Tapge

exp(-p (k)™

analytical prediction J

exp(—puk*3)

E(k) P

A. Gorbunova, G. Balarac, M. Bourgoin, LC, N. Mordant, V. Rossetto, in preparation (2019)



Energy spectrum in the dissipative range : DNS

— ke
theoretical prediction: E(k) o exp(—pk?) with a = 2/3.

k5/3
: : . _ dln |dInE(k)
m local determination of the exponent: o = 7% | ~—7ink
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Energy spectrum in the dissipative range : experiments

. . exp(—pk®) .
theoretical prediction: E(k) o 5(5/3 with a = 2/3.
- - dlIn E(k
m local determination of the exponent: o = dd|r|1nk d|n5< )‘
o local exponent, range [0.2 : 0.5]
local exponent, range [0.25 : 0.45]
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Energy spectrum in the dissipative range : experiments

exp(—pk®)

theoretical prediction: E(k) o 1573 with a = 2/3.
. . . _ dlIn |dInE(k)
m local determination of the exponent: o = .| ~4im & ‘
|
I
. ;
=
& i
= |
& a =0.68 +0.09
=™ 1
i
i
% 03 2!/3 I

stretch exponent o



Summary and perspectives

Summary

m closure of NPRG flow equations based on symmetries
exact in the limit of large wave numbers

m analytical form of n-point correlation functions

— leading time-dependence in 3D
— violation of scale invariance
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Summary

m closure of NPRG flow equations based on symmetries
exact in the limit of large wave numbers

m analytical form of n-point correlation functions

— leading time-dependence in 3D
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Other results

m kinetic energy spectrum in the dissipative range
m 2D: leading time-dependence of n-point correlation functions

m 2D: next-to-leading order in the direct cascade



Summary and perspectives

Summary

m closure of NPRG flow equations based on symmetries
exact in the limit of large wave numbers

m analytical form of n-point correlation functions

— leading time-dependence in 3D
— violation of scale invariance

Perspectives

m test of NPRG predictions in simulations and experiments

® intermittency exponents
— calculation of NLO terms at large wave-numbers

—> passively advected scalars (Kraichnan model)
— Burgers’ turbulence
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