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General motivation

@ Mixing is everywhere

@ Mixing is important
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Overview

@ Introduction

o Advection of a passive scalar
e multiscale description of turbulence

@ Viscous heating

o Modeling
o Numerical simulations

@ Anisotropic scalar mixing

e Isotropy/anisotropy and correlations
o Mean scalar gradient
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Introduction

Temperature fluctuations in a turbulent flow

?i—l—u-V@zDA@—i—fe

where fp is a source or sink (chemical reactions, local injection, viscous
friction).
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Statistics of the temperature field?

%-}—u-VO:DAH-&-fg

Introduce: 0 = (0) + 0, u(x,t) = (u) +u’.

% +(u)y - V(0) +(u - VO') = DA(O) + (fo)
and ,
% +(u) VO +u V(0 +u -V —(u V) =DAO + f
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Introduction

Statistics of the temperature field?

%-}—u-VG:DAH-&-fg

Introduce: 0 = (0) + 0, u(x,t) = (u) +u’.
%Hu)'v(eww‘veﬁ = DA (0) + (fo)

and
/
% +(u) VO +u V(0 +u -V —(u V) =DAO + f

No mean flow (u) =0
Incompressibility, homogeneous fluctuations: (u’ - V') =V - (u/0') =0,

20 — oo+ s

and
a0’

E+u’~V€':DA€'+fé7u/~V<9>
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Introduction

Evolution of the variance of temperature fluctuations

/
<9’ Bi+u’-v9’=DAe’+fé“"V<9>]>

yields

03 (0”)
ot
Two possible production mechanisms:

= =D{(V¥)*) + {ft') — (w'0') - V()

© By a mean scalar gradient

@ By a local injection process.
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Introduction

K41, spectra etc.: A short reminder on the spectral
description of turbulence.

Consider a homogeneous flow.

1
8tu+u-Vu:—;Vp+VAu+f, V-u=0.

Introducing:

K =3 ((w?),
P =(f u),
(€)= v ((Vu)?)

we derive

K=P—(
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K41, spectra etc.: A short reminder on the spectral
description of turbulence.

The averaged energy budget is K = P — (¢).

/ B(k)dk = K
and the evolution-equation,

dE(k)

= = T(k) + P(k) — D(K)

with

[Pwa=pr=tsw.
/ D(k)dk = / 2wk B(k)dk = (€) / [£2k) = T(k) + P(k) - D) d~ (2)
Importance of T'(k)? K=P- (e) + /T(k)dk (3)

- / T(k)dk = 0.
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Introduction

Spectral balance

( /
/ ;o
/J e ot
e —r>
\ / /
/
\ / ;o\
\ / —P /"D<K)
o~

0 = T(k)+P(k)—D(k)
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Introduction

Energy flux and transfer

unclosed term. How to model?
Since fT(k)dk =0

we can write

where II(k = 0) = II(k = o0) = 0.

Simplest model: TI(k) = F(k, E(k)). Dimensional analysis! —

(k) = CronE(k)3/2k5/?

1
Kovaznay J. Aeronaut. Sci. 1948
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Spectral flux
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Introduction

K41 and Kovaznay's closure

In the inertial range [ T(k)dk ~ — [ P(k)dk o

k
/ P(k)dk = Crop E(k)3/2K5/?
0

we find
10" F -
k 2/3 4 5250 19 |, 5’
—2/3 —5/3 102 b+ 333 25 [Air (Stewartand Townsend 1951) <% 1
Ek)=C P(k)dk k . - 5350 29 s
( ) Kov 0 ( ) 4 2625 22
s lo# 265 2 s 4
10°F 5 J6s 26 AN
x T10° 23 Sea (Grant, Stewart and Moilliet 1962) 4\
k — — 4 1 1 1
If [y P(k)dk = P = (e) , 10503 102 NG 10°
n

E(k) ~ (€)2/3 k~5/3,
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K41 or O417

HU3BECTHS AKALEMHWH HAYK CCCP. 1941
BULLETIN DE L'’ACADEMIE DES SCIENCES DE L'URSS

Cepus reorpajuueckas Série géographique
H reodusHyeckas et géophysique
A. M. OBYXOB
O PACNPENEJIEHWU 3HEPIMHM B CNEKTPE TYPBYJEHTHOIO
- MOTOKA

(/Tpedcmasero axademuxox A. H. Koamoroposuim)

B paGote mccaeayerca oanOpoaHu#H TYpOYJAEHTHHHE NOTOK METOAOM CNEKTPaXNs-
HHIX pasaowehnii. BBOAMTCH nNOHATHE CHEKTPa MOTOKA H pacnpeleNeHHS SHEPTHH
B cnextpe. PyHKUHS pacnpeleleHHs SHEPrHH ONpeleasercs H3 coobpaxeHuii Ga-
Janca SHEPTHH M CTAUHOHAPHOCTH TYpOyaenTtHOro mnoas. [loayuenmsie pesyabTaTsl
TT03BOASIOT JEOPETHYECKH OGLACHHTL YKa3aHHY10 PHYUapACOHOM 3aBHCHMOCTS KO-
¢puunenTa obuena® or macmraba HaGAOIEHHA.

B nacrosme# paGore caenaHa MOMEITKA HOCTPOEHHS CIHEKTPAALHON TEOPE
TypOyaeHTHocTH. [lonoxkenHas B OCHOBY (u3Hueckas cxema Gmaa yKasat
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K41 or O417

* INpunATHi# BaME B AaabHefiuIeM H3AOKEHHH MOAXOX K MareMmaTHyeckoll o6paboTke cxeMsl
Puvapacona 6ua npeaaoxen A.H. Koamoropossm B xokaage, npounTtamEoM B MuCTHTyTE
TeoperHueckoii reopusuxu B xonne 1939 r. B stoM goxaaze 6HAO0 YKas3aHO, 4TO AAS CPEIHHX
9acToT BBOAHMAR HHXe ¢yuxnus E(p) noaxkna umers sui: E (p) =Cp®. A. H. Koamoroposy se
yaaaoce, oaHako, B 1939 r. onpefeanTs 3HaYeHHe nokasateas a. Mul nMOKasHsaeM HHXKE, OCHO-

2
BHBAACH HA YPABHEHHH CNEKTPaAbHOro 6asanca sHEepraH, 970 @ = ——3-.

Tor e BHBOL MOXHO MOAY4HTH M3 COOGpawennii nozo6us, passuTHX B pabore A. H. Koa-
Moroposa (2], ony6aHKOBAaHHOR MOCIE NMOJYYEHHS HaMM H3AaraeMsx HENe DesyabTatos. Beisoa,
OCHOBaHHHH Ha YPaBEEHHH CUEKTPaIbHOro 6ajaHca sHepras, GOJee MOAHO OCBELUAET, MO Ha-

IWeMYy MHEHHI0, QHIHIECKYI0 KapTHHY MepeladH 3HEprHH# OT BOSMYNlenu#i KPynHOro macmraba
K BOIMYLIEHHAM MEAKOro maciuuraGa.

|
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Introduction

Broadband forcing: no K41

plK) ~ ko A \K T(c) K
4 \ JP(@MM T (i)
/ : ‘<°LVL.

\ s
\\_/// J Pk =
Ky
>
.z.(‘)‘*(
? x|

Temperature fluctuations in turbulence

hssume Plos )"

TR ~ €,

Th)=¢ [w]x
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Introduction

Broadband forcing and Kovaznay's closure

Since
k 2/3
E(k) = O} [ / P(k)dk} k573,
0
and
k
/ P(k)dk = €, (kL)'
0

we find

E(k) -~ [Ein(kﬁL)lia}Z/g k75/3

2
~ k*l*ga

e.g. Mazzi and Vassilicos 2004
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When do we not find K417

@ Low Reynolds number (no scale separation)
@ Broadband forcing with k¢, o > —1.
© Transfer is not local in k-space

© Internal intermittency
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Introduction

Passive scalar

/Eg(k)dk = (0%)
and the evolution-equation,

dEy (k)
dt

=Ty (k) + Py(k) — Do(k)

Py(k)dk = (fe0),  (5)

with

/Dg(k)dk = /2Dk2E‘9(lc)dk =(eg)  (6)

- /Tg(k)dk =0.

Need to model Ty (k) and Py (k)
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Introduction

Corrsin-Obukhov scaling

Extending the ideas of Kovaznay to the passive scalar 2

Tp(k) = —0OxIlg(k)
with Ty (k) = F(E(K), Eo(k), k),
Mg (k) = CoEo(k)E(k)"/k>/?

Leading to

Eg(k) ~ {/k Pg(k)dk:| (&)~ 1/3 j=5/3

2Rubinstein & Clark, J. Turbul. 2013
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Introduction

Viscous heating

03 (6%)
ot

= —D(VO)* +(f30') — (w0) -V (0)
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Viscous heating

Motivation

Every viscous flow converts kinetic energy into heat.

@ What does the temperature field look like in a turbulent flow?

@ How large are the fluctuations?

Figure : from Watanabe et al., New Journal of Physics (2004)
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Viscous heating

Introduction: turbulence and injected energy

K =P — (€).

In a steady state, we constantly inject energy: C;,; = fot P(t)dt

Temperature fluctuations in turbulence Les Houches, March 2016

22 /78



Viscous heating

How much heat?

Using Taylor's zeroth order law?
(e) ~U3/L

Consider an air-experiment

L=1m, U= 1m/s — (e) ~ 1m?2/s3.

This is the kinetic energy we need to inject per
second, per m3 of fluid to keep the flow going.
In a closed system this will heat the fluid,

40 _ (9

dt cp

with ¢p = 103J/kg/K the specific heat.
After one hour: A () = 3600 * 1/10% = 3.6K.

aTaonr, Proc. R. Soc. Lond 1935; Vassilicos ARFM 2015.

Temperature fluctuations in turbulence Les Houches, March 2016 23 /78



Viscous heating

How large are the fluctuations? What is their size?

The average heat is easily estimated, but the fluctuations? Only few
relevant studies®

Introduce: 0 = (0) + ¢, e(x,t) = () + ¢

9/ !
9 N0 = DAG 4 &
ot cp

3De Marinis et al. JFM 2013, Cadot & Plaza APS 2005
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Viscous heating

How large are the fluctuations? What is their size?

The average heat is easily estimated, but the fluctuations? Only few

relevant studies3.

Introduce: 0 = (0) + ¢, e(x,t) = () + ¢

9/ /

AN VRSN

ot cp
so that Lo

dz (0%) _(¢0)

dt

(€o)

where (eg) = D ((V6')?).

Unclosed equation — we need Simulation/Theory/Experiment.
First try: spectral model.

3De Marinis et al. JFM 2013, Cadot & Plaza APS 2005
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Viscous heating

How to model the viscous heat production?
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Viscous heating

How to model the viscous heat production?

Pe(k) = F(Ee(k)a E(k)a v, Cp, k)

A suggestion
430 D. De Marinis, S. Chibbaro, M. Meldi and P. Sagaut

Accounting for Joule internal energy production introduces a new nonlinear term
in the temperature spectrum (2.15). The numerical closure of this new term can be
performed by a number of different approaches. Among these, the formulation of
a new EDQNM equation for the source term or convolution closures are possible
approaches to model the Joule heating term. In the present work, we choose the
approach proposed by Comrsin (1964), who derived a model for the destruction term in
the equation for the transport of a reactive scalar. The formulation is explicitly local in
the spectral space, and dimensional analysis leads to:

. au; a
k‘p‘(k,:i( u “) ~2- A“E (/K ES (k) (2.18)
c axg dxg
and therefore
P ~ 22k 2E (OES (k). (2.19)
p
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Viscous heating

Problem with this model

Py ~ LK E(k)Eg (k)"

Temperature fluctuations in turbulence Les Houches, March 2016
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Viscous heating

Problem with this model

Py ~ ZES2E (k) Ey (k)Y
Cp

Consider Ey(t = 0) = 0 what happens?

Temperature fluctuations in turbulence Les Houches, March 2016
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Viscous heating

Turbulence and analytics

Whenever we try to do anything analytical in turbulence we start by
assuming

@ isotropy
@ Gaussianity

Or at least expansions around isotropy/Gaussianity
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Derivation EDQNM

Analytical closures, derived from Navier-Stokes. QN 4, DIA, LHDIA, TFM 3, EDQNM ¢, LMFA”

[% + uk2] wu = f(uua)

[% + Vk2] wut = fo(Tuun)

QN: Quasi Normal  wuwu ~ Y wu uu

Millionschikov, Dokl. Akad. Nauk SSSR 1941, Proudman & Reid, Phil. Trans. R. Soc. Lond. A 1954
Kraichnan JFM 1959; PoF 1965; JFM 1970

Orszag JFM 1970, Vignon & Cambon PoF 1970

Bos & Bertoglio JoT 2013

Temperature fluctuations in turbulence Les Houches, March 2016
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Viscous heating

Analytical closures

lan Proudman

In other words, the zero—fourth—cumulant theory implies

that the triple moment is non—zero only on account of

inferaction befween ifs own three Wavenumbers, Such a

theory may be termed a “divect interaction theory,'*

Kraichnan's theory is of fhis kind, and down at this conceptual
level, thevefore, it is closely velated to zevo—fourth—cumulant
Theories. Indeed both fheories tend fo have the same very general
properfies and fo stand or fall by similar criteria,

The differences in the aysumptions underlying the two approximations have been
mentioned in the text. The quasi-normality approximation involves neglect of fourth-
order cumulants. The direct-interaction is a dynamical approximation and says nothing
directly aboat what cumglants survive,

Robert Kraichnan

(Lafhto dghi)M. D2 Miliorsiihibon, A N. Kelmogoeov, A M. Vaglom, a0 R K raiche s
Mansbe. 191 (Fhoto

coureey ). L. Lumbey.)
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Viscous heating

Analytical closures

COLLOQUES INTERNATIONAUX
DU
CENTRE NATIONAL DE LA RECHERCHE SCIENTIFIQUE

MECANIQUE
DE 1A

TURBULENCE
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Viscous heating

Derivation EDQNM

Analytical closures, derived from Navier-Stokes. QN &, DIA, LHDIA, TFM 2, EDQNM 10,

LMFAL

(& + v i = f(wim)

[% + ukz} = fo(uuun)

QN: Quasi Normal  wuuu ~ > wu wu

ED: Eddy Damping
[ +vk? + p(k)| wum = Y wawa  p(k)=7(k)""

M: Markovianization

8Mi|lionschikov, Dokl. Akad. Nauk SSSR 1941, Proudman & Reid, Phil. Trans. R. Soc. Lond. A 1954
9Kraichnan JFM 1959; PoF 1965; JFM 1970

10 0rszag JFM 1970, Vignon & Cambon PoF 1970

11Bos & Bertoglio JoT 2013
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EDQNM

Resulting expression,

Po(k) = 16m8? (£ ) [[st-p-a / Golk,t,5) [(Pram) ¥ (.1, )5 (a1, 5)

+ QPQOIhQ] aj (p,t,8)Piala,t, 5)
+ PiPj@mdn Pmn (P, t, 5)Pij(q, t, s) | dsdpdq

where ®;;(k) = FT[(ui(x)uj(x + r))]
Structure of this expression:

Py~ <V>21<:5E(k)27(k:)

Cp

instead of

Py ~ ZE2E(k)Eg(k).

Cp
This seems more plausible.

Les Houches, March 2016
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Viscous heating

Numerical integration

E(kn)
=
nN

104 10° 102 10" 10° 104 10° 102 10" 10°

kn

Figure : Left: Energy spectrum, normalized by Kolmogorov variables, for three different
Reynolds numbers. Right: corresponding temperature fluctuation spectrum, generated by

frictional heating (Pr = 1).

Temperature fluctuations in turbulence Les Houches, March 2016 34 /78



Viscous heating

Analytical analysis of these equations

2
Py(k) ~ (CI;) K E(k)*r(k) and 7(k) ~ (&) Y3 =%/
k
Ey(k) ~ [ Pe(k‘)dk] <6>—1/3 k_5/3,
ko

leading to,

Ey(k) = (1)2 (€23 j1/3.

Cp

Temperature fluctuations in turbulence Les Houches, March 2016
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Viscous heating

How large are the heat fluctuations?

(6?) = /kn Ey(k)dk = L0
0

2
“

In the air experiment v = 107°m?s™!, (€) = 1m?s73,¢, = 103Jkg 1K1,
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Viscous heating

How large are the heat fluctuations?

kn €)v
@)= [ Eatirit - <>

In the air experiment v = 107°m?s™!, (€) = 1m?s73,¢, = 103Jkg 1K1,

k
(6°) :/ " By(k)dk ~ 1071 K
0

That is not very large since (%) ~ Re™! (or ~ R;2).

Bad news for the experimentalist: 0’ ~ 3uK
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Viscous heating

Validation by Direct numerical simulations
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DNS

Carried out by Robert Chahine

Andrey Pushkarev

PhD student LMFA, Ecole Centrale de Lyon PostDoc LEGI Grenoble
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Viscous heating

Basic equations

@ Navier-Stokes for an incompressible flow:

P
9 V= -2 4 vAus f
ot )

V. =0.

@ Advection-diffusion equation + viscous friction term:

9 90 _ph, e
ot ul@xi 022 ¢y

7

Pseudo-spectral code 2563, periodic boundary conditions, large-scale
forcing.

Temperature fluctuations in turbulence Les Houches, March 2016
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Viscous heating

Scaling of the energy spectrum

The normalized energy spectrum using quantities (e), L is

B(k) = asgem ~ (kD)

' R=17 ——
0 R;=30
10 o Ri=45
,, (kL) Ry =61
EZ S .. Ry=77
102
210
a
10°
10°®
. .
10’ 102

kL

The enstrophy-isosurfaces show small-scale correlation, in agreement with
k2E (k) ~ k1/3
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Viscous heating

DNS Results, visualizations

@ Temperature fluctuations are correlated at large scales,

@ Positive fluctuations exist in the zones of where many worms are
clustered.

This does not seem in agreement with the previous results!
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Viscous heating

Scaling of the temperature fluctuations spectrum

108 ‘
1/3 R’“i” _
(kD™ S}"_SO ,,,,,,,,,
° . 45
Rl RA=61 1
(kL)'5’3 R,=77
10t L |
2 .0
il 10 |
-
it}
100 |
102 + |
10 £ |

What is wrong?
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Viscous heating

Lagrangian picture

Recall the equation for 6:

0 00 _ 0% ¢
ot " Vow; T 022 ¢

)

In inertial range:

Do _ ¢

Dt ¢,
A fluid partice is heated by ¢ and
deformed by |Vu|
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Viscous heating

Evolution of the spectrum of the heat fluctuations

Formal expression for the temperature fluctuation:

O(x,t) = 0(x,t]0) + / /ge ,t|y, s)€ (y, s)dyds,

OPo%) — Ty(k) + Py(k) — 2DK2Ey(k),

The production term is proportional to

Py(k) ~ FT [{€ (z,t)0(z + 7,t)) /]
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Viscous heating

Evolution of the spectrum of the heat fluctuations

Formal expression for the temperature fluctuation:

O(x,t) = 0(x,t]0) + / /ge x, tly, s)€ (y, s)dyds,

OPo%) — Ty(k) + Py(k) — 2DK2Ey(k),

The production term is proportional to

Py(k) ~ FT [{€ (z,t)0(z + 7,t)) /]

(@, )@+ 7,1)) fep = 61[2)/0 /<gg(a: 7ty 8)e (@, )¢ (3, 5)) dyds.

And therefore Py(k) ~ @Ee(k')
P
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EDQNM prediction for E,(k)

Comparing

with

(k) - PR
Py ~ (2)1/2 < >4/3 ]{:L)/d7

€
p

we can deduce that EDQNM (DIA) predicts

Ec(k) ~ 2 ()3 k5/3,
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Viscous heating

Possible problems

The expression Py(k) ~ %Eg(k) seems to be consistent with the
P

previous results.

@ The timescale is wrong?

@ The dissipation-rate spectrum E(k) is wrong?

Temperature fluctuations in turbulence Les Houches, March 2016
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Viscous hea

Experimental results: where to search?

/napaew

(1]
v

uy
s AONATNGANL

—
4 auanginiL
a3 uopaINpos3ul

mol.

Turbulent
Flows

-
e 2
)
o &
e O
£ 5
g 5
E S
g5
St
e 0,
5 2
£ 5
& =
=)
Z =

o I
TOO1

—— |
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Viscous heating

Monin & Yaglom pp. 605-608

Atmospheric Measurements of E.(k)

0 -
=
w f* — \
H |
' e ) \
7 ' L] &)

10+
L R gle \\
. 0 :

0| B

— — 10" 10° 10" 10
- N g VA Al k, an™ 1, Hz
qoosgoraosar s i ehatnakadotd Fig. 103 The spectrum E{"®) (k), according
Fig. 102 The spectrum £{"®) (k), according to

Fig. B Energy spectrum (3u/dx)* forz = 31 m, i =
to Pond and Stewart (1965).
Gurvich and Zubkovskii (1963).

11.3 m/s after Van Atta and Chen (1970). The dashed
line has a slope of ~0.5.

Gurvich & Zubkovskii 1963; Pond & Stewart 1965; Van Atta & Chen 1970:
E (k) ~k™%, 05 <a<0.7.
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DNS prediction for E.(k)

Dissipation rate spectra at Ry < 77:

10° |

a -10 |
g 10

10-11 L

10'12 L

10 102 10°
KL

Is this a low Reynolds number effect?
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DNS prediction for E.(k) (higher Reynolds number,
Ry = 172)

T. Gotoh and R. S. Rogallo

10

1

w?

W
=
2
g
£
&

w? \

104

10 10 10°
kn

IGURE 8. Comparison of dissipation spectra E, (k) and E, (k). Upper curves: E, (k).
Lower curves: E (k). Line styles as in figure 4.
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Viscous heating

Why is the dissipation rate spectrum long-range correlated?

s
aauamq.n%l
¥
el
i

woexpURUON | SSBUOM BT 1BOREREY
nL
o v

1

mojp4 3U3NaH

Turbulent
Flows

SJUINQIN) SJUIUWIDINOIY SIP
uonenuIs 33 HOHESIPPOIN

Marseille Turbulence Conference 1961.
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Viscous heating

Why is the dissipation rate spectrum long-range correlated?

Consider the energy-injection fluctuations ((P — (P))?).

AN
[ [ F
\ ~
«;\’,_::,7’ )‘;}
N

"

\
A
=N

Because the injection fluctuations are !
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Viscous heating

Novikov-Yaglom estimate of the dissipation rate
fluctuations

Yaglom-Novikov estimate:
E(k) ~ (€)* L(kL) ™"

with 0.3 < p < 0.5, intermittency parameter, characterizing the space
filling of the dissipation rate.
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Viscous heating

Phenomenological theory

Using Yaglom's expression,
Ec(k) ~ (€)® L(kL)~"**,

with Py(k) ~ %Ee(k:) and 7(k) ~ e 1/3k=2/3 we have
P

k 5/3 12/3
/ Py(kydi = L

2
ko Cp

so that

Eo(k) ~ [ /k Pe(k)dk] (€)= 1/3 |5/

ko

(6)4/3L2/3k*5/3

v)
p

= | Eg(k) ~
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Viscous heating

Reynolds number dependence of 62

(0%) = [ Eg(k)dk ~ U212

V)
p

o EDQNM: 721 ~ (9

2
P
Lo
(ev
@ Yaglom: ﬁ@) ~ %
P

-2 5 2
2 =

Temperature fluctuations in turbulence
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Intermediate conclusion

Summarize

Implications for the value
<€>1/2 1,2/3

Opimpsg ~ ——— ~ 103K
Cp

Small but measurable!

P.S. Also the timescale was wrong
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Mean scalar gradient

Scalar injection by a uniform scalar gradient

o6’

E+u/-V0':DA0'+f£)7u/~V<9>
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Mean scalar gradient

Scalar injection by a uniform scalar gradient

Away from the walls

and
89/ / / / !
5 +u' - VO = DAO + —ul0. ()

Anisotropy induced by the mean gradient
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Small scale isotropy

O’Gorman and Pullin 2005
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Mean scalar gradient

Isotropy and statistical correlations

One point correlations in isotropic, mirror symmetric, turbulence
are a function of 4;;!
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Mean scalar gradient

Isotropy and statistical correlations

One point correlations in isotropic, mirror symmetric, turbulence
Vectors
(Ai) =0
For example (u;) =0, (9;0) =
Rank 2 tensors
(Aij) = ady

Examples: (uju;) = 2K4;;,
(8250 = (ca/ D)oy

Temperature fluctuations in turbulence Les Houches, March 2016 61 /78




Mean scalar gradient

Isotropy and statistical correlations

Rank 3 tensors

(Aijm) =0

Example < 0000 ﬂ>

ox; E OTm

Rank 4 tensors

J J J J

Example:

00 00 Ou,, 1
< > = ——(20:i6mn — 36imin — 30indim) (Viv;si;) -

dx; dxj dx, /30
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Mean scalar gradient

Isotropy and statistical correlations

Rank 5 tensors
<Aijmnl> =0

Rank 6 tensors
du, ouy, Ou,,
g; af'a;: = [6:',' 6“ 6mn - g(ai} akm 8!» + aik 8li 8mn
+ 0im 850 Okt) — 8(04j Oon O + 0 05 S + 0 85t By)
- i(‘yil 8“1\ 8)m + 8;'10 6Irj 8Im) + ail 6km J)u + a‘ﬂ 6&#& 6!1

du

+ 81 Oy O + 813 O Oy + 01 8 Oy + 01 O O] (‘a?: ) ’

From Champagne JFM 1978

Les Houches, March 2016 63 /78



Mean scalar gradient

Isotropy and statistical correlations

Rank 8 tensors
Qg g 1ty ) =048, 818,08, b4( 8,618, 8,4+ 8,184, 81, 8,0nF 6,81,81, 8,y + 8,8, 818, +

va+ O 0jg BtBpnt BinOjn 8,
+ 88180 Bpg) +¢ (8 8uBung 8+ 8584 1p Sun+ 8i8knimpy+ 8148 ButBnt 81 O Buidpy

]

mnYpg. np ra q=ir
+ 8118k Bin Bpg) +d s 801,81 By 81844 O1Bup+ 81 8y Okt + 81 8OO+ 81181, O Srun

+ 81,881, B+ 8181 BBy + 810181, 8 )+ €4( 88,818y 8,10y 6118, + 81800, 8148,
+ 8,841 01nOmg+ 810k pOimOng+ 8in g0 Oy + 81481kt Oyt 8im)pSii0ng

im0kt OngF 81y 8, 81Oy + 811854 OOy + 81481181y Bn+ 01481 81 Oy
8k Oun+ 81108 By + 81818 Syt 01481 O Oy

v v jn

+ 8,816,

ng

+ 8,81, 00+ 8,5,

im jg ip9j

+ 88y, 81 O+ 8,81 8y On + 5

ip i

+ 88181 Byt 81811 818y 8100 81181,8,)+ 48,8118, 8,4 8108, 81y 81y 81,8, 81 81)

o pa ™ Qim Oji g™ Oim Ok

+84(8i48)1 8y Bupt 8in8juBiyg Bipt 818y B Oim+ 8ig ) Bin i+ 8inGjun Oip Big+ 81 8ji 81y Bug)

09y iqQjp

P 'y P

ng

»

+ha( 818k Oy Oupt Binjm Oig O1p+ 8ig 8jp Oin Oin) + 14( ik 84Ot O+ ik 8 B1p Oy + Oit B 1400y

g Onp ”
+ 881 O By + B 81 BB+ Bim i Bindip+ 818y BigOin+ OO 81+ 816718 Oy

ip mg T Oim 9ji m9jq mOjpOky

+ 8,88y O+ 8ip 8y Bin Bi+ 81y 8418y + 811881 Oug + 81188 B+ 811808y Oy

ip9jn ip Ojm

+8,8

Ja

+ 81,8010y 81401

+ 8,88 By 8,0,

g+ QipOjn

+ 8 881y Oup+ 8, 81 Oy O+ 5

P
+ 81 8y O Op+ 81 811 knBup+ Big 8y BipBine) + 14(8:18;m Ot g B+ 8118 Bin S+ 8injk By Oy
+ 8 8) Oy O+ 8ig 8 Bimdup+ 8ig 8 BinBiy)-

'in O jp ig Ok ap T OigOjm

BenBupt 8108 SOl 108818, + 8,0 818 1O nea+ 81818 Oin 814881
SinBupt 81481 8181,)+ (8,48

i Olg+ 8,81 81B,) + ki( 8181081, By 818,818 g+ 8,181 81081,

8146180+ 816,48 By + 818180y Srugt 8108181 By

ia’

B1gOmp+ 8ik, Ol

i

BinOupt BimbjqOip

P

Hierro and Dopazo PoF 2003
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Anisotropy, axisymmetric

Everything is function of §;; and the axis of symmetry e;

vectors

(A;) = ae;
Example < 09 > =Te;, (u;0) = (wh) e;
Rank 2 tensors
(Aij) = adj + beje;
Rank 3 tensors
(Aijm) = adijem + boime; + cdjme;
Example
(YiviYm) = % <7§’> (€i0jm + €0im + embij) -
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Small scale anisotropy

Brethouwer 2000

Temperature fluctuations in turbulence Les Houches, March 2016 66 / 78



Mean scalar gradient

How anisotropic are the small scales?

: : e 09 96 96
We will consider two quantities (w#) and <%8T9,873>'

Introduce

/ Fog(k)dk = (w0)
A measure for isotropy:

FwG(k)

pwo (k) = W
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Mean scalar gradient

How anisotropic are the small scales?

Experiments/closure/numerics!?
Fog(k) ~ De/35=7/3
And
BE(k) ~ 23513, Ey(k) ~ ege /3553
we find
Fuo(k)

e~ (kL)T23
E(k)Eg(k)

pwé(k) =

12| imley 1964,'67, Mydlarski and Warhaft 1998, WB et al. 2005, Gotoh and Watanabe 2007
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How anisotropic are the small scales?

Experiments/closure/numerics!?

Fog(k) ~ De/35=7/3

And
E(k) ~ &3k, Ep(k) ~ ege /3,753
we find (k)
wb _
pup(k) = —me ~ (kL) ~%/®
E(k)Eg(k)

10 1

T

osf

Hulkyn), Hyo(kin), Cy

12
Lumley 1964,'67, Mydlarski and Warhaft 1998, WB et al. 2005, Gotoh and Watanabe 2007
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Mean scalar gradient

Another measure for isotropy

In an isotropic scalar field

in an anisotropic field: not.
Small scale anisotropy:

("

732750
()"
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Mean scalar gradient

How evolves the anisotropy

Introduce =y and = sij
<’Y >+ — (uw3> = —3(y3737535) — (¥373833) [ + D...

In an isotropic flow <7373533) #0.
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Mean scalar gradient

Another measure for isotropy

Exact relation:
ravasaa) ~ [ K To(k)dk

Good approximation!3

/k;?Tg(k)dk ~ /2Dk4E9(k)dk ~ epe'/ 2y

13 Batchelor, CUP, 1953

—3/2
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Mean scalar gradient

Another measure for isotropy

Exact relation:
ravasaa) ~ [ K To(k)dk

Good approximation!3

/k;?Tg(k)dk ~ /2Dk4E9(k)dk R~ eget /232

Starting from isotropy we have

<’Y Y = —(v3v3s3;) T'

We can thus estimate <fy > ~ 77’5951/2 -3/2

13 Batchelor, CUP, 1953
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Mean scalar gradient

Another measure for isotropy

Exact relation:
tavasaa) ~ [ KTa()ak

Good approximation!3

/k;2Tg(k)dk ~ /2Dk4Eg(k)dk R~ eget /232
Starting from isotropy we have
<’Y Y = —(v3v3s3;) T'
We can thus estimate (v3) & 77’5951/2 -3/2

<’y > Tegel/2p=3/2T  Tel/2
(42)3/? (ea/v)3/2 eb/?

But what is T

13 Batchelor, CUP, 1953
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Mean scalar gradient

Timescale

In general, gradient-statistics are correlated over a Kolmogorov-time, so that 7 ~ (e/v)1/2
Implication:

(3) ~ Re—1/2
(:3)*?

— for large Reynolds numbers small scale isotropy.
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Mean scalar gradient

Experimental observations

Experimental results and DNS

L. Mydlarski and Z. Warhaft

10 T
(@)
g, % :
L .
= o %8
107! : !
10 10? 103
R,
?
Why?

Gibson et al. 1970, Pumir, PoF 1994, Mydlarski and Warhaft 1998

Temperature fluctuations in turbulence
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Mean scalar gradient

A look at the equations

On the anisotropy of the turbulent passive scalar 61

Appendix C. A model for the displacement triple correlation
The closed expressions for Z/(k), E¥(k) and E'(k) are obtained by the same
procedure as outlined in the previous section, leading to

DY) = —62dm / Eyub[1 — 7] dk
”
= —3ir/ OF (k. p. k) [—y(x +y2)p* F) E (q)
+ 3y +y2)p’ FOE (q) — (z+ x0)p' F(QE (k)
+ %1 1 =20z = 3’2 + ¥ = F(P)E ()
+ %1 1+ 20z + 3y°2 =y = 2 F(P)E (9)]

+@F (k, p, @Ukr)[—(z +xy)p* F() E* (k)
+(1=2)1 =Y )EFPIE(q)

2RF . dp dg )
F(p)E (q)]l—"—,dk. [(en)]

+(1-

Needs the definition of a timescale.
Two choices:

T=L/U

or

T =e V323 T(ky) = (u/e)*l/2
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Try !

L. Mydlarski and Z. Warhaft

10 . e _-E
(a) i
& ‘g ot @ :',E
2 1t : . 1
5 Wy
< "
, - -}
anchl ) g T
w’tﬁ ' 10 10°
R;

Pink: 7 = ¢ /3k=2/3; White: T = L/U
We seem to need the integral timescale (unlike the velocity gradient).
Why?

Mydlarski, Pumir et al. PRL 1998
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Analogy with Burgulence

We know that in forced Burgulence,
1
ou+u-Vu = Tu

The Lagrangian correlation time is ©(r) ~ T'. Since fluid particles

decorrelate only due to the forcing mechanism or in the presence of shocks
(Kraichnan 1968).

T is the time it takes for a fluid particle to encounter a shock.
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Analogy?

ou+u-Vu=—u

T
compared to
00 +u-VO = —ugl

JORRELATION PROBLEMB IN A ONE-DIMENSIONAL MODEL
OF TURBULENCE. L 1] ——

By |

¢ 38
OREENIVASAN ET A )
"~ e ;—) 4. M. BURGERS

t (Mededeting mo. 656 wit het Laboratorism voor Aero. en Hydrody |
Technische Hogeschool te Delft) | !
/ | |
L -
¥ (Communicated st the mesting of February 25, 1990) 1
Wy
o 1. Introduction. ) Y=Y
In the following pages formulae will be derived concerning correlstions
—_—m e in a partienlar type of solutions of the equation
o : TP ey TR .
@ w stre=ra f - X A

Wouter Bos Temperature fluctuations in turbulence Les Houches, March 2016 77/ 78



Conclusions

Conclusions

On scalar anisotropy

@ The Lagrangian time-scale of the scalar is the integral time-scale (cf.
Burgulence)

On viscous heating
@ Viscous temperature fluctuations are a large-scale quantity

@ For Ry = 1000 closure theory will misestimate 62 by an error of the
order of 106!

To the experimentalist: you can be the first to measure these fluctuations !
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