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Motivations	


	


 	

Most isotropic turbulence decay theories:	



•  rely on a self-similarity/self-preservation  hypothesis (single 
lengthscale, usually Taylor scale)	


•  are not fully assessed by experiments and DNS	


	



Examples:	


•  dimensional analysis (Lin or KH equation): George, Gonzalez, 
Antonia, Djenidi, Danaila …	


•  DA + simplified spectrum: Comte-Bellot/ Corrsin, Lesieur …	


•  fixed point of 2 eqs. model: KH, Batchelor, Panchev, Speziale & 
Bernard, Ristorcelli, …	



Typical results:	


•  decay exponent tied to  	



E(k � 0) ⇥ k�

f(r � +⇤) ⇥ r�m



Do theories agree with experimental data ?	


	


 	



[Meldi et al. , J. Fluid Mech. 668, 2011]	


[Meldi & Sagaut, J. Fluid Mech. 711, 2012]	



(� = 4) (� = 2)

Uncertainty Quantification	


theory 	



CBC bounds	



CBC bounds	



Decay exponent of kinetic energy	





Motivations	


	


 	



Classical theories:	


•  high-Re asymptotics	


•  no intermittency	


•  self-similarity/preservation	



Decay regimes:	


•  algebraic decay (exponential ?)	


•  predicted decay exponent	



 Finite Reynolds number effects ?	



Intermittency ?	



Non-self-similar solutions ?	



Isotropy/homogenity 	


breakdown ?	



Post-processing ?	





Looking for an investigation tool	


	


 	



DNS:	


•  low- to medium Reynolds (far from high-Re asymptotics)	


•  large-scale resolution issue, ergodicity ?	



Experiments:	


•  not strictly isotropic, restricted evolution time	


•  low-to medium Reynolds in practice (for grid turbulence)	


•  no direct measurement of very large-scales	


•  no control of initial solution & large scales	


	



Orszag’s EDQNM (1970):	


•  realizable closure of the 3rd order moment equation in Fourier 
space	


•  fully general: initial solution, Reynolds number, …	


•  no intermittency effects	


•  minimal complexity: [Rubinstein & Clark, Phys. Fluids 17, 2005]	


                                            [Woodruff & Rubinstein, J. Fluid Mech. 565, 2006]	


                                            	





Outline	



1.  Tools & models:	



•  EDQNM: a brief reminder	



•   A glance at  Comte-Bellot—Corrsin theory 	



2.  Do self-similar solution exist for freely decaying HIT ?	



3.  Which scales govern the decay rate ? 	



4.   Non-self-similar solutions over arbitrary long time ?	



5.   Existence of a universal attractor with -1 decay exponent?	



6. Conclusions	



                                            	







1. EDQNM: a brief reminder	
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⇤t
ûi(�k, t) + �k2ûi(�k, t) = Ti(�k, t)

Navier-Stokes equations in Fourier space	



�
⇥

⇥t
+ �(k2 + p2)

⇥
�û(k)û(p)⇥ = �ûûû⇥

2nd-order moment equation	
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3rd-order moment equation	
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⇤t
E(k, t) = T (k, t) + 2�k2E(k, t)

Lin equation (= KH)	





1. EDQNM: a brief reminder	
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�û(k)û(p)û(q)⇥ = �ûûûû⇥
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[Millionshikov, 1941]	
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⇥û(k)û(p)û(q)⇤ =

⇤
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1. EDQNM: a brief reminder	
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�ûû⇥ �ûû⇥
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1. EDQNM: a brief reminder	



A few comments:	


•  Closure of the evolution equation of the 3rd-order 	


Moments (≈ equation for the transfer rate)	


•  Dissipation is an output, not a prescribed quantity	


•  No self-similarity/self-preservation assumption	


•  No hypothesis about the Reynolds number	


•  No hypothesis about the spectrum shape	


•  No hypothesis about the initial condition	


•  No intermittency effect included	


•  Can be extended to many cases (HAT)	





Rosette’s stone	
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Karman-Howarth equation for velocity correlation function	
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Rosette’s stone	
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E(k) vs. f( r) : tricky maths	
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[Davidson, 2011]	


[Llorr & Soulard, 2013]	





2. A look at Comte-Bellot—Corrsin theory	
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[Comte-Bellot – Corrsin, 1966] [Lesieur, 1978] [Skbrek & Stalp, 2000] …	


•  simplified, 2-range initial energy spectrum E(k)	


•  single lengthscale = integral scale (~ spectrum peak)	


•  pure dimensional analysis	


•  decay regime exponents as functions of spectrum slope at large scales	



CK�2/3k�5/3

1/l

A(t)k�



CBC theory: decay exponents	
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Some important predictions:	


•  Taylor microscale evolution independent of the initial slope and Re	


•  Singular behavior for σ=1	



•  Constant Re decay	


•  High- and Low-Re regimes identical	


•  All length scales collapse with growth exponent 1/2	



[Meldi & Sagaut, 2013]	





CBC theory: decay exponents	


Invariant quantities ?	



IL(�) ⌘ K↵L

↵ =

(
1

��p+1 Re� � 200� 300
1
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(
1
8
3(��p)+5
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1
4
�+3
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I⌘(�) = K�⌘

•  No invariant over arbitrary long times (except singular regime σ=1)	


•  Infinite number of invariants for high/low regime (finite time)	



H(IL, I⌘) [Antonia & al., Vassilicos …]	





CBC vs. EDQNM:  high Re  asymptotics	
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Perfect agreement with Comte-Bellot– Corrsin	


theory in all cases for two-range initial spectrum	



[Meldi et al., J. Fluid Mech. 668, 2011]	


[Meldi et al., J. Fluid Mech., 711, 2012]	


	



<1% error	





Batchelor turbulence: σ=4	
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Breakdown of PLE	
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[Meldi et al., J. Fluid Mech. 668, 2011]	


[Meldi et al., J. Fluid Mech., 711, 2012]	


	





Batchelor turbulence: σ=4	
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A few definitions	


Self-preservation : there exist 	



•  a unique length scale and 	


•  a unique velocity scale 	


•  A time independent shape function 	



E(k, t) = v2(t)l(t)F (kl)

Partial Self-preservation : restricted to a range of scales	



Self-similar solutions: solutions of equations (Lin, KH)	





The assumption of similarity of shape of the statistical functions 	


during decay in the earlier work was principally a mathematical device, 	


used to enable definite results to be obtained ... To find such solution has 	


been one task; to determine the conditions under which they can and 	


do provide a correct description of turbulence is another. In this latter 	


task which has engaged much attention in the last five years, but even 	


so most of the established results are negative, 	


and our positive results still rest insecurely on vague intuitive arguments	


 (vague for most of us - clear and precise for the inspired few !)	



Batchelor, 1953 (p.148)	





A look at George theory (1992, 2009)	
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Lin equation	



George ’s Extended Self-Similarity hypothesis	





George’s theory: predicted decay regimes	



	


 	



⌅2 = 2A⇥(t� t0) = �2

Ts �
Es

t
� tp�1

Es � tp

u2 � tp�1/2

Taylor Self-Similarity ?	





Is E(k) self-similar/preserving ?	
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Normalization based on integral scale & kinetic energy	



e.g. [Clark & Zemach, 1998]	



[Meldi & Sagaut, JoT, 2013]	



Partial SP	


at large scales	





Is E(k) self-similar/preserving ?	


	


 	



(� = 2) (� = 4)

Normalization based on Taylor scale & kinetic energy (TSS)	



e.g. [George, 2002, 2009] [Speziale & Bernard, 1992] [Mohammed & Larue, 1990]	
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Is E(k) self-similar/preserving ?	


	


 	



(� = 2) (� = 4)

Normalization based on Kolmogorov scale & kinetic energy (KSS)	



e.g. [Antonia et al., 2002] [Ristorcelli et al., 2004, 2006]	
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Partial SP	


at small scales	





A singular case: σ=1	
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L �

� à the unique self-similar solution	



All theories collapse in this case !	





A singular case: σ=1	
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� George’s theory also valid in this case	







3. Which scales govern HIT decay ?	


	


 	


Idea: use Data Assimilation techniques to identify governing scales	


	


•  Which scales ?	


•  Which features associated to these scales ?	


•  Dependency on observations ?	



Data Assimilation: reminder	


	


•  Developed in weather forecast field	


•  Optimal recosntruction/identification of selected parameters (initial/boundary 

conditions, free parameters in physical/numerical models …)	


•  Two main families:	



•  Variational methods based on optimal control theory	


•  Kalman filter type methods	





3. Which scales govern HIT decay ?	


	


 	


Problem : 	


	


Given an arbitrary decay law/realization, reconstruct the optimal initial condition E(k,0)	


	


	


•  Several possible observations levels:	



•   full spectrum at sampling times	


•  Integral quantities (kinetic energy, dissipation, lenghtscales, …) 	


•  Decay exponent (assuming algebraic decay)	



	


Idea: starting from an arbitrary/random initial guess spectrum, DA optimization will 	


reconstruct the optimal initial condition focusing on scales that govern the decay regime	



[Mons et al. Phys. Fluids, 2014]	





DA: mathematical formulation	


	


 	



Find E(k,0) that minimizes the Lagrangian cost function	
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Observations 	


(available data)	



Observation	


operator 	



(applied to E(k,t)) 	



Direct problem (Lin equation)	



Adjoint problem (adjoint Lin equation)	



Optimality condition	





DA iterative procedure	


	


 	



E0(k) = E(k, 0)

@L
@E0

(E, Ẽ, k) = �Ẽ(k, 0)

Arbitrary guess value for initial condition	



Solve direct problem for E(k,t) from t=0 to t=Tf	


	



Evaluate cost function	


Is it smaller than fixed convergence threshold ?	



Yes	

 No	



End	

 Solve adjoint problem from t=Tf to t=0	



Compute gradient of cost function with respect to E0(k)	



Modify E0(k) with gradient-type method 	





DA results	
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DA results	
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DA results	
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DA results	
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Conclusions:	


•  Initial conditions do matter ! 	


•  Non-classical (fast) decay have also been obtained	


•  Finite time decay regime can be controled manipulating 	


    the initial conditions	


•  Within HIT framework:	



•  « model » of the turbulence generation process	


•  Adding a forcing term (forced HIT with time-varying 	


   source term)	







Initial Three-Range Spectrum	
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Time evolution:	


•  Initial non-self-similar regime (three-range spectrum)	


•  Recovery of a classical self-similar regime (two-range spectrum)	



l1(t) � t
2p2

(�2��1+p1)(�2+1)

tc = tc(�1,�2, l1(0)/l2(0))

Lengthscale evolution (CBC-like dimensional analysis)	



Caution: 	

 tc = +�

l2(t) � t2/(�2+3�p2)
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Kinetic energy evolution law during first phase	
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Time independent	


 if PLE holds	
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Pseudo self-similar law !	
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Initial Three-Range Spectrum (with PLE)	
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Pre-multiplied non-linear transfer T(k)	
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Initial Three-Range Spectrum	


	


 	



Infinite critical time region	





Solution with infinite critical time 	
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Pre-multiplied non-linear transfer T(k)	


	


 	



10
−7

10
−5

10
−3

10
−1

10
1

10
3

10
5

10
7

−1

−0.5

0

0.5

1

k

k
T

(k
)
/

m
a
x
(k

T
(k

))

 

 

kT (k), τ = 102

l1(102)

l2(102)

10
−7

10
−5

10
−3

10
−1

10
1

10
3

10
5

10
7

−1

−0.5

0

0.5

1

k

k
T

(k
)
/

m
a
x
(k

T
(k

))

 

 

kT (k), τ = 1010

l1(1010)

l2(1010)

(�1 = 3.7,�2 = 4)



Pre-multiplied non-linear transfer T(k)	
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A universal decay regime ?	
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Von Karman-Howarth hypothesis (1938) :	
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Fixed point analysis + Taylor-scale-based Self-Similarity :	
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[Speziale & Bernard, J. Fluid Mech, 1992]	
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A universal decay regime ?	



	


 	



[Antonia et al. , JoT, 2002]: Kolmogorov Self-Similarity	
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Observability of asymptotic decay regimes	
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Skewness evolution	
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Conclusions	



	


 	


•  Decay is governed by initial conditions (the turbulence generation 
mechanisms in practice)	



• Finite time evolution is governed by large scales ranging from initial to 
final spectrum peak	



•  No full self-similarity/exact self-preservation in general case	



•  No sensitivity to asymptotic behavior of the spectrum at large scales	



à Behavior at  kà0 escapes experiments/simulations and should not be 
a parameter in theories for decay (real turbulence lives in a finite world !)	



à Idem: analyticity of the spectrum, integral invariants depending on 
asymptotic behavior …	



•   Non-self similar solutions possible over arbitrary long times	







TKE spectrum with fractal forcing	
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@E(k, t)

@t
+ 2 ⌫ k2 E(k, t) = T (k, t) + hF(k, t) i

hF(k, t) i = ak
(k Lb)�

p
8⇡k2E(k, t)

[1 + ↵kLb (t� ⌧)]2



TKE spectrum with fractal forcing	
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TKE spectrum with fractal forcing	
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TKE spectrum with fractal forcing	
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Motivations	


	


 	



Classical theories:	


•  high-Re asymptotics	


•  no intermittency	


•  self-similarity/self-preservation	



Decay regimes:	


•  algebraic decay (others ?)	


•  predicted decay exponent	



Do theories agree with experimental data ?	





EDQNM results	


	


 	



10
−2

10
0

10
2

10
4

0.3

0.35

0.4

0.45

0.5

Reλ

n
l

 

 

σ = 1

σ = 2

σ = 3

σ = 4

nl



Observability of asymptotic decay regimes	
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