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Turbulent jets

-

(Picture from album of fluid motion)

Jets
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Turbulent wakes

-

(Picture downloaded from the web)




Homogeneous turbulence

-

(from Ishihara et al, early/mid 2000s, Japan, Earth
Simulator)

-
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Grid-generated turbulence
i

to check theories of turbulence: 1934 to this day.

2. Attempt at more stirring/mixing than with canonical
free-shear flows (individual wakes, jets, mixing layers)

ri
/{I \, :
e Test Section
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raction

. Attempt at reasonably homogeneous isotropic turbulence

-
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Grid-generated turbulence
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Reynolds decomposition

-

Turbulent flows are fluctuating randomly around a mean
Decompostion as mean U + fluctuations u

l.e. full velocity field = U 4+ u

Wide range of scales of motion in fluctuating velocity field u
when Reynolds number is high.

o
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Richardson-Kolmogorov cascade

- N

Mechanism of turbulence dissipation at high Reynolds
number

Kinetic energy of velocity fluctuations cascades from large
scales of motion to small scales of motion.

When it reaches a scale small enough for viscous
dissipation to be effective, it dissipates.

This cascade is an equilibrium cascade where the rate with
which kinetic energy crosses a length-scale | where the
turbulent fluctuations have a characteristic velocity u(l) Is
the same from the largest to the smallest length-scale.

LEstimate this rate dimensionally as u(1)? /I (no viscosity) J
and equate it to the kinetic energy dissipation e = v < s> > s



Richardson-Kolmogorov cascade

Estimate this rate dimensionally as «(1)?/! (no viscosity)
and equate it to the kinetic energy dissipation e = v < s? >

The largest of these length-scales | must be of the order of
the integral (correlation) length-scale L where

u(l) =uw(L) ~ v =vV<u >

Hence, e ~ v3/L

We write ¢ = C.u’? /L where the dimensionless dissipation

Lﬁoefficient C¢ Is a constant independent of Reynolds J
umber.
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R-K equilibrium cascade Iin equations

fWhat IS u(l)? T

1. Define ju = u(x + %l, t) —u(x — %l, t)

2. < |éul? > is a function of x and 1 and is our definition of
u?(1). The vector 1 has a norm [ = |1.

3. Write down the Navier-Stokes equations and
incompressibility at both x + 31 and x — 31.

0

5/ (U w)+(U+u) Ve(Utu) = =Ve(P+p)+ vVi(U +u)

andV§°U:O,V§°u:O

Latboth§:§+zx+%land§:§_EX—%]. J
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R-K equilibrium cascade Iin equations
- -

D*
57 < l8ul’ > 41 < (Su45U)sul’ >= P* 4 T+ D* —
where
D* O 1
Dt~ ot + §[U(f+) +U(£2)] - Vi

This is the fully generalised Karman-Howarth-Monin
equation following Reginald Hill's work from the mid/late
1990s to the early 2000s. We should perhaps call it the
Karman-Howarth-Monin-Hill or KHMH equation.

o |
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R-K equilibrium cascade Iin equations

- N

D*
57 < l8ul’ > 41 < (Su45U)sul’ >= P* 4 T+ D* —
where
D* O 1
Dt~ ot + §[U(f+) +U(£2)] - Vi

(1) Consider high enough Reynolds numbers so that the
two-point viscous diffusion term D* may be neglected,

(i) consider regions of turbulent flows where the integral
scale L of the turbulent fluctuating velocity is small
compared to length-scales characterising spatial variations
INn x of mean fow statistics. Then for [ << L and [ >> ny;scous

L % < |6ul* > +U(x) - Vx < [0u)? > +V- < duldul* >= —4e J

—p.12



Kolmogorov’s 1941 assumption

-

Characteristic times of small scale (I << L) motions very
small compared to time scale of turbulence decay hence:

-

0
57 < [bul? > +U(x) - Vy < [0u]? >~ 0

The equilibrium cascade then follows in the form
V- < duldul® >~ —4e

Integrate both sides over a sphere of radius |1| = [ and get

. 1
/l- < duldul® > dQ ~ —%el

Llf you assume isotropy this becomes < (du - 1)? >~ —%el J

~p.13



R-K equilibrium cascade: dissipation

-

For I ~ L, expect [1- < duldu)? > dQ ~ u/3

which, with equilibrium, then implies «"? ~ L.

Equilibrium dissipation law:
e = C.u? /L with C. = Const

Notes:
(1) Equilibrium OVER THE ENTIRE INERTIAL RANGE,
THAT IS INCLUDING [ ~ L, Is required to obtain

e = Ceu /L with C, = Const

(2) The inverse is not necessarily true: ¢ = C.u'? /L with J
LC6 — C'onst does not mean there must be equilibrium.

—p. 14



R-K equilibrium cascade: spectra

-

Define S =< (Ju-1)® > / < (du-1)? >3/2 so that
< (0u-1)2 >a Cy(el)?/? where Cy = (£3)2/3
Assuming S = Const, this last relation is often given in its

equivalent energy spectral form (in the range
21/ L < k1 < 27 [ Myiscous)

E11 (k1) ~ C1e2/3k; % where ¢y ~ Cs /4

Note consistency:
2 (7 B(k)dk+ [ B(k)dk
which with [*  E(k)dk ~ v and E(k) ~ ¢2/3k5/3

L implies € ~ u/3/L J

~p.15



Range of scales

1. A sufficient condition for the diffusion term vV# < |§ul? >

to be negligible compared to 4¢ and therefore drop out so as
to be left with
9,

o < bul? > +U(x) - Vx < |du]? > +V|- < du|dul* >= —4e

is that [ > \ where \* = vu/?/e.
(See Laizet, V & Cambon, FDR 45(6), 061408, 2013).

2. In small-scale isotropic turbulence, )\ ~ d where d is the
average distance between stagnation points of the
fluctuating velocity. The fluctuating velocity is “rougher” at
scales larger than X than it is at scales smaller than .

L(See Goto & V, PoF 21, 035104, 2009). J
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Range of scales

ste M\ = vu'?/eand e = C.u' /L to obtain T

L/)\ ~ CGRB)\

where Re), = 42 A IS a local Reynolds number dependent on
the position In the flow since «" and A\ depend on x.

Demonstrates that L > )\ if Rey > 1 and therefore that
iIntermediate scales [ where A <« [ < L exist.

For the Richardson-Kolmogorov cascade, the higher Re)
the higher the range of scales required for the turbulent
energy to be dissipated. This follows from the R-K
~ equilibrium consequence that C. = const. o

—p.17



The R-K equilibrium cascade matters

-

BECAUSE: T

The turbulence problem is to reliably reduce the number of
degrees of freedom (either universally or in different ways in
different universality classes) and the turbulence dissipation
scaling and the turbulence cascade seem to be essential
stepping stones in this direction

This reduction of number of degrees of freedom may take
the form of

() a moment closure (e.g. k-¢ If 1-point, EDQNM if 2-point)
(i1) a filtering approach, e.g. Large Eddy Simulations (LES)
(i) a dynamical systems approach (state-space attractors)

o |

~p. 18



The R-K equilibrium cascade matters

o N

BECAUSE:

() the turbulent eddy viscosity v; in one-point RANS models

of turbulence is estimated using v; ~ 'L and e = C.u'? /L
where C. = Const:

vy~ C'Eu'4/€;

(iI) two-point turbulence modelling such as Large Eddy
Simulation relies on the R-K equilibrium cascade;

(ilf) the number of degrees of freedom is usually estimated

as (L/n)% where n = (13 /¢)!/* is the Kolmogorov microscale.

The equilibrium relation ¢ = C.u/? /L where C, = Const is

crucial in determining that (L /n)° ~ O§/4R69L/4; Rey IS
Lanother local Reynolds number based on «" and L. J

~p. 19



And because

- N

(Iv) the combination of the equilibrium dissipation relation

e = C.u /L and an invariant quantity (Saffman,Loitsianski
or other) determines the turbulence decay of homogeneous
turbulence.

(v) the equilibrium dissipation relation e = C.u/3 /L
determines the streamwise development of mean profiles of
self-preserving turbulent free shear flows.

Quote from Lumley (1992): “What part of modeling is In

serious need of work? Foremost, | would say, it is the

mechanism that sets the level of dissipation in a turbulent
ulow, particularly in changing circumstances.” J

—p. 20



Self-preserving wake profiles

- % N

1

Uso = U(w,7) = ug(x)f|r/Lo(z)]

We assume that the wake becomes axisymmetric at some

Lpoint donwstream. J



Townsend 1976, George 1989
-

fThe Reynolds-averaged streamwise momentum eqguation

for an axisymmetric wake in a uniform and constant stream,

0 10
Usogr(Uso = U) = =257 < uju. >

has the general self-preserving solution
Uso = U = uo(z) flr/Lo(z)]
and
< wpuy >= Ro(z)g[r/Lo(z)]
under the conditions
%Lg(az) ~ Ao and ug L2 ~ Us? = Const

Uoo uoQ

where 6 Is the conserved momentum thickness.

2 conditions for 3 unknowns (Lg, ug, Ry), SO make use of
Kinetic energy equation.

o |
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Townsend 1976, George 1989
-

The Reynolds-averaged kinetic energy equation for an
axisymmetric wake in a uniform and constant stream,

Uso e K = — < vl > 9% + Transport — ¢
has the general self-preserving solution
K(x,r) = Ko(x)k|r/Lo(x)],
Transport = Ty(z)t|r/Lo(x)]
and
e = Do(z)elr/Lo(z)]
under the additional conditions

d _Th_ Dok 2
1z Lo(®) ~ mip ~ oo and Ko ~ g

IN TOTAL: 5 conditions for 6 unknowns ug, Lo, Ro, Ko, T,
and Dg, so need one more relation:

| Do~ K%/ L, o

0

~p.23



Townsend 1976, George 1989
|

Do~ Ky " /Lyls e = C.u”? /L with C. = const adapted to this
self-preserving flow

and implies

UO/UOO -~ (x—exo)—2/3
&
LO/Q N (az—exo)l/S




Wind tunnels

-

0.91°m? width; test section 4.8m; max speed 45m/s;
background turbulence = 0.25%.
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sqguare grids

2,0 = 25% fractal
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Recent grid & wake turbulence research

- N

One main outcome

Grid and axisymmetric wake turbulence experiments have

shown that, when Re; = Y= is large enough, a significant

turbulence decay region exists where E..(k;) ~ k;5/3 over

wide range but C¢ ~ Rej/Rey, ~ v/ Rer/Rey, 1.€.
e ~ UsoLyu'?/L?, where Rey, = “/TL and Re) = “;)‘.

Seoud & V (PoF 2007), Mazellier & V (PoF 2010), Valente &

V (JFM 2011, PRL 2012, JFM 2014), Gomes-Fernandes et

al (JFM, 2012), Dairay, Obligado & V (JFM 2015) from our

group; but also Nagata et al (PoF June 2013) from Nagoya,

Japan; Discetti et al (FDR October 2013) from Arizona
LState, USA; Hearst & Lavoie (JFM 2014) from Toronto, J

Canada, Isaza et al (JFM 2014) from Cornell, USA.



Streamwise turbulence intensity
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Wake-interaction length-scale
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L,/ and Re, in FSG turbulence

. N

«/ A 1S about constant where Re) decays

12
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This approximately constant value is set by Re; = ULy /v.
The constant L /) increases with increasing Ux.

L/ = %Rek, hence L/\ = const Iff C. ~ Const/Re,.
LFrom Mazellier & V (PoF 2010) J

—p.31



How universal Is this?
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Ce ~ ReT'/Re? with m ~ 1~ n

- N
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Ce ~ Rel'/Re? (plots above with m = n = 1) in the high-Rey,
decay region followed by C, ~ const In the further
downstream low-Re;, decay region.

Note low-Rey, far-downstream region = > 5xpcq1 ~ 2
Lwhere Ce = Const for RG60: 4 eddy turnovers from z,., to J
5Tpeak @NA 3-4 eddy turnovers from 5z,cq; 10 242,cq%-



However wide near—5/3 at z/z, ~ 0.6

- N

The first region can be quite significant in length and is

definitely the region with the (by far) best E,..(k,) ~ ky 5/3,

10" 10° 10" 10° 10° 10

L k (radm~1) J

This and previous slide from Valente & V (PRL 2012)



Earlier evidence for C, = eL /u"”® = const

-

30

et,x‘u3 - +

i\
T\

hange Iin proportion to Re;.

Plot from Sreenivasan (1984): 4 highest Re) points are
obtained by Kistler & Vebralovich (1966) at same point = by
varying Re;. C. ~ Rer/Rey, would then not show up and
give 4 points with same value as Re;, at that point would

-

|
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Summary of wind tunnel C. results

-

In decay region of fractal/regular grid turbulence and
axisymmetric wakes, C. ~ Rey/Rey, ~ v/ Rey/Rey with very
clear near —5/3 energy spectra over decade or more.

-

This occurs where z,..; < = < z. (ANd z, = dxpeqr fOr

RG60). Further downstream where the Reynolds number
has decayed further, C. ~ const for RG60.

(It has been possible to check the far downstream
constancy of . only for RG60, our regular grid wih the
smallest mesh. Test sections not long enough for the other
grids.)

Note that the range z,cq; 10 5xpcq 1S @about 207 to 10M In
classical grids with o ~ 40% whereas it is about 5)/ to 25M

In our FSGs and RGs with few large meshes; there o ~ QS%J
or lower

—p.36



DNS of turbulence with periodic B.C.
B -

DNS OF SPATIALLY PERIODIC INCOMPRESSIBLE
TURBULENCE WITH SPATIAL PERIOD [p. BOTH
DECAYING AND FLUCTUATING IN TIME.

Application of a steady force f =

(sin(2rmax/lg) cos(2mmy/lp), — cos(2mmax /lg) sin(2rmy/lg), 0)
(where m Is an integrer) to the incompressible
Navier-Stokes equations.

—p.37



Cyclic turbulence
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Cyclic turbulence

10 |

t=20
t =207

5 lIO
B K (1

From Goto, Saito & Kawahara (2015)
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Case |

L N

Case |: Decaying turbulence

m = 4 and switched off forcing when ¢(¢) reached max.

L(t) < lp/10 during relevant decay.

Considered 5 different values of initial Re; corresponding to
simulation sizes between 1283 and 10247 for similar
small-scale resolutions.

—p. 40
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Decaying turbulence

10

CE ~ RGI/RGL ~ \/RG[/R@)\




Case ||

- N

Higher Reynolds numbers: m = 1 and keep the forcing on
throughout.

Considered 7 different values of global Re; (based on the
long-time averages of «/(¢) and L(t)) corresponding to

simulation sizes between 642 and 20482 for similar
small-scale resolutions.

—p. 42



Forced turbulence
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L Co(t) ~ Rey(t) L but < e >~<u/ >3/ < L >as Rey — oo J
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LD = C(t)Rey(t)/+/ Rey tends to vary around a constant as J

Reynolds number tends to oo
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Interscale energy flux

-

l.e.

S E(k,t) = —21(k,t) — 2vk*E(k, 1)

o B E(kt) ~ TI(k,t) — €(t)

forl/L <k <1/

Define Cry(k,t) by II(k,t) = Cr(k, t)u/(t)?/L(t) and calculate
It for various values of % larger than k; and smaller than 1/).



Flux at k£ = 5k’f (k/kf = 10, 20 similar)
- o
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Conclusion for Periodic DNS study
B -

1. e ~ (VRep)u?/L? i.e. C. ~ Rer/Reyr, ~ +/Rey/Re) also
present in DNS of spatially periodic unsteady turbulence, as
It IS In turbulence generated by various types of grids and in
axisymmetric turbulent wakes. DNS of forced periodic
turbulence shows that this dissipation scaling does not only
hold when the turbulence is decaying during the forced
cycle but even when the turbulence is building up!

2. In these DNS, the interscale energy flux for intermediate
wavenumbers scales in the same way, I.e.

[1(k,t) = Dr(k)(vRep)u'(t)?/L(t)?
See Goto & V Phys. Lett. A 379, 1144 (2015)

Consequences for self-preserving axisymmetric wakes?

—p. 47



Self-preserving turbulent wakes

- % N

1

Uso = Ul(x, 1) = uo(x) fr/o(z)]

Usually one assumes that the wake becomes
self-preserving at some point donwstream...

Land axisymmetry also helps... J



Tennekes & Lumley 1972
-

fThe Reynolds-averaged streamwise momentum eqguation
for an axisymmetric wake in a uniform and constant stream,
Uso 2e(Uso — U) = =1 20 <y, >
has the general self-preserving solution
Uso = U = uo(x) flr/o(z),
and
< ugy >=uiglr/o(z)]

under the conditions

%5(1‘) ~ ¢ and up6? ~ Uxof? = Const
where ¢ is the conserved momentum thickness.

2 conditions for 2 unknowns (4, ug), SO get
g /Use ~ (2522) 723 & 5/0 ~ (250)1/°

o |

—p. 49



Townsend 1976
-

fThe Reynolds-averaged streamwise momentum eqguation

for an axisymmetric wake in a uniform and constant stream,

1

has the general self-preserving solution
Uso = U = up(x) flr/o(z),
but
< uzuy >= Ro(x)g|r/é(x)]
under the conditions
%5(:5) ~ =0 and ugd? ~ Usb? = Const

Uoo uoQ

where 0 Is the conserved momentum thickness.

2 conditions for 3 unknowns (9, ug, Rp), SO make use of
Kinetic energy equation.

o |

—p. 50



Townsend 1976, George 1989
-

The Reynolds-averaged kinetic energy equation for an
axisymmetric wake in a uniform and constant stream,

-

Uooa%K = — < Ugly > 8 + Transport — €
has the general self-preserving solution
K(x,r) = Ko(x)k|r/d(x)],
Transport = Ty(x)t|r/é(x)]
and
e = Do(z)e[r/d(z)]
under the additional conditions

d 150 2

IN TOTAL: 5 conditions for 6 unknowns ¢, ug, Ry, Ko, T, and
Dy. SO0 need one more relation:

| Do~ K2?/5 |

—p.51



Taylor 1935, Kolmogorov 1941
B -

Dy ~ K"/ Is effectively

e ~ K3/2/L (introduced in a single off the cuff sentence by
Taylor in 1935 and given a theoretical basis by
Kolmogorov’'s equilibrium cascade in 1941) but adapted to
self-preserving turbulent shear flows with the assumption
that o ~ L

The Townsend-George approach implies

ug/Use ~ (E5%0) 213
&
5/0 ~ (218
like Tennekes & Lumley (1972).

o |

—p.52



Equivalent theories?

- N

g/ Use ~ (E22) 723 8 5/6 ~ (257013
follow from both approaches. Does it mean that the two
approaches are effectively equivalent except that Townsend

(1976) and George (1989) predict Ky ~ uZ whereas
Tennekes & Lumley (1972) have no say on K;?

Well....not quite because Ry ~ 3 for Tennekes & Lumley
(1972) but actually George (1989) predicts

Ry ~ Usug da;5

But so what? Given the scalings ofug and ¢ there is no way
to distinguish between Ry ~ u2 and Ry ~ Usoup-%4.

Unless the turbulence dissipation does not scale as in the J
icharson-Kolmogorov equilibrium theory...



Self-preserving turbulent wakes

- % N

1

Uso = Ul(x, 1) = uo(x) fr/o(z)]

Self-preserving axisymmetric turbulent wakes beyond some

point downstream.
- .



Townsend 1976
-

fThe Reynolds-averaged streamwise momentum eqguation

for an axisymmetric wake in a uniform and constant stream,

1

has the general self-preserving solution
Uso = U = up(x) flr/o(z),
but
< uzuy >= Ro(x)g|r/é(x)]
under the conditions
%5(:5) ~ =0 and ugd? ~ Usb? = Const

Uoo uoQ

where 0 Is the conserved momentum thickness.

2 conditions for 3 unknowns (9, ug, Rp), SO make use of
Kinetic energy equation.

o |

—p.55



Townsend 1976, George 1989
-

The Reynolds-averaged kinetic energy equation for an
axisymmetric wake in a uniform and constant stream,

-

Uooa%K = — < Ugly > 8 + Transport — €
has the general self-preserving solution
K(x,r) = Ko(x)k|r/d(x)],
Transport = Ty(x)t|r/é(x)]
and
e = Do(z)e[r/d(z)]
under the additional conditions

d 150 2

IN TOTAL: 5 conditions for 6 unknowns ¢, ug, Ry, Ko, T, and
Dy. S0 need one more relation:

| Do ~ K25 or Dy ~ Use Ly K /527 J

—p.56



Which dissipation scaling to apply?
. -

C. = const, 1.e. Dy ~ KS’/Z/(S
implies up/Us ~ (£522)"2/3 & §/0 ~ (£520)/3

and CANNOT distinguish between Ry ~ u3 and
Ry ~ Usoug-£4.

Ce ~ Rer/Rey, 1.e. Dy ~ UooLbKo/52
Implies
U()/UOO ~ (:U—exo)—l(Lb/Q)—l & 5/(9 ~ (%)1/2([4)/9)1/2

and CAN distinguish between Ry ~ u2 and Ry ~ Usoug--6.

LNote: § is a measure of the wake width and is taken to be § J
where §2 = fOOO Voo =U 1 -

Uo —p.57




Wakes of flat plates normal toU

- N

all with equal surface area A. Here L, = V A.




Reynolds numbers and spectra

-

12000
10000 ¥
8000 ¢

6000 ¥

(wod) /v

s00q0 X ¥

a “
eSS

2000 -
% 50 100 150 200 10° 107 10°
x/0 f(Hz)

Along centreline.
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Approximate axisymmetry at x > 101,
- -

0.4

0.35;

r/l

L 2nd iteration “fractal” plate J
Profiles taken at 0°, 30° and 60" angles.
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Approximate axisymmetry at x > 10,

-

r/l r/l

Mean flow U /U, profile at x = 101, for disk (left) and 2nd
iteration “fractal” plate (right)

o |
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Self-similarity with 42 = [~ UOZO‘Urdr

- W W N

Data for 2nd iteration “fractal” plate at
L v = 5Ly, 10Ly, 15Ly, 20Lp, 251, 30L4. 351y, 40Ly, 451y, 50 L J
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1st iteration “fractal” plate

(5/6

0 50 100 150 200 % 50 100 150 200
x/0 x/0

(u0/Uso) ! and (6/60)? vary linearly with streamwise distance
x from plate (over z-range considered) in agreement with

L?;o/Uoo ~ ()T &6/0 ~

(27%0)1/2 which follows from the J
ew dissipation law.
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2nd iteration “fractal” plate

(5/6

0 50 100 150 200 % 50 100 150 200
x/0 x/0

(u0/Uso) ! and (6/60)? vary linearly with streamwise distance
x from plate (over z-range considered) in agreement with

L?;o/Uoo ~ ()T &6/0 ~

(27%0)1/2 which follows from the J
ew dissipation law.
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3d iteration “fractal’ plate

(5/6

0 50 100 150 200 % 50 100 150 200
x/0 x/0

(u0/Uso) ! and (6/60)? vary linearly with streamwise distance
x from plate (over z-range considered) in agreement with

L?;o/Uoo ~ ()T &6/0 ~

(27%0)1/2 which follows from the J
ew dissipation law.
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uy/Uso = A(*520) @ and §/0 = B(*=")7
Use a MATLAB'™ nonlinear least-squares regression T

algorithm to determine coefficients, exponents and virtual
origins.

A —wu/0 o B —wmpld B
15(1) 2153 -28.31 1.22 0.34 -15.76 0.53

1.5(2) 8.15 -14.77 1.06 0.42 -9.69 0.49
1.5(3) 12.70 -20.44 112 0.49 -5.16 0.46

a=2/3and = 1/3if Dy~ u3/Lo (Ce = const).

a=1and 5 =1/2if Dy ~ (Ysske)(selo)-1y3 /1,
(CE ~ REZ[/RBL).
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up/Uso = A(*520) " and §/0 = B(*=")°
d _ d N
1. Calculate % (ug/Us) =Y and L (5/6)1/7 for a range of
values of o and

0.4

0.35

8 " *
S 0.25 /

0.15 . 0.2
O\O%\ﬁ\ﬁ
0.1 01%
0.05 ‘ ‘ ‘ 9 t ‘ ‘ ‘ ‘ ‘
0 50 100 150 200 0 40 60 80 100 120 140 160
x/0 x /6

2. Chose the values of o and  for which a linear fit
c1x /0 + co of above plots is such that ¢; = 0.

. Then estimate A~Y/® and BY# from ¢, in each plot. J
4. Having A, «, B and j, then estimate x for each plot.



uy/Uso = A(*520) @ and §/0 = B(*=")7

- N

A x4/  « B —xog/0 [
15(1) 7.67 13.65 1.03 036 1356 0.52

1.5(2) 6.53 1213 1.01 0.39 11.96 0.51
15(3) 3.61 262 089 053 253 0.44

a=2/3and 8 =1/31f Dy ~ u%/LO (C'e = const).

o=1and g =1/2if Dy ~ (Ule)(bolo)=1y3 /1,
(OE ~ RGI/RGEL).

o |
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Conclusion: turbulent wake scalings

o N

Consequence of C. = Rej/Rey, 1.€. oOf
Do ~ (Yeelo)(wloy=13 /1 validated in the wake of

174 1%

fractal-like plates in range 5L, < z < 50L; where L, = V A.

This consequence is that (ug/Us, )~ and (6/6)% vary linearly
with streamwise distance x from plate (over z-range
considered). No such behaviour has been detected yet for
any other turbulent free shear flow, but it could be present in
many if one knows where to look.

We should therefore be able to distinguish between Ry ~ u?

and Ry ~ Usoup6. Can we?

o |
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Wakes of flat plates normal toU

- N

L, =151,

Df1.5<2) L.=15L,

HWA (UsLy/v = 40000) and DNS (Us, Ly, /v = 5000) with
Incompact3D (Laizet & Lamballais 2009 and
http://code.google.com/p/incompact3d/)

Wakes statistically axisymmetric at streamwise distances
L greater than 10L;, from plate J
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1.2 T T T Bus.wLtio

—_—
x/L,=20
XILp=30 i
X/Lb:40 =
x/L,=50
x/L,=60
X/Lb:70 s )
XILp=80 i
f—
+
+
X
»
0]
|
0]
[ ]
A
A

08

X/L,=90
X/L,=100
HWA, x/L,=10
x/L,=15
X/L,=20
XL, =25
X/L,=30
X/Lb=35
X/L, =40
X/L,=45
X/Lb=50

feta
o
(@)]

0.4 t
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Self-preserving Reynols shear stress

- N

< Uply > [maz, (< uzu, >) VErsus n = r/o(x)

1

X/Lp=10 ——
XILp=20 —s—
X/Lb:30 ——
X/ILy=40 —8— |
X/Lb:50

X/Lb:60

X/Lb:70 ——
XILp=80 —a— |
XILp=90 —a—
X/Lb:].OO ——

0.8 1

0.6 r

0.4 t

fetal1111111111111

0.2 r
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Reynolds shear stress scaling

-

Tennekes & Lumley (1972): Ry ~ u?
George (1989): Ry ~ Usoup L0
No real difference if Dy ~ K,"" /.

But the two R, scalings are different if Dy ~ Uy, Ly Ko/6%, in
which case it should be possible to distinguish between
them.

o |
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Tennekes & Lumley (1972)
-

< uguy > [ui versus n =r/d(x)

0.25

IX/LbZiO —II—
X/Lb:20 —_——
XILp=30 —w—
X/Lb:40 —8—
X/Lb:50

X/Lb:60

X/Lb:70 ———
X/ILp=80 —a—
XILp=90 —o—
XILp=100 —p—

0.2

0.15 ¢

feta

0.1 ¢

0.05  Jf
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George (1989) atz /L, > 20
-

< uzpty > /(Usouodd /dx) versus n = r/o(x)

0.7 X/Lp=10 ——
> XILp=20 ——
0.6 ; ‘ XILp=30 —mw— -
X/[Lp=40 —8—
X/Lb:50
0.5 X/L,=60
X/Lb:70 —
04 X/ILp=80 —a—
- il XILp=90 —s— |
:CE X/Lb:].OO ——
0.3
02! 4
0.1t
0 ®
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Self-preserving TKE at x/L; > 20
-

K(x,r)/max,(K) versus n =r/j(x)

1 XIL,=10 ——
09 | X/Lb:20 —_——
X/Lb:30 ——
08 | X[Lp=40 —8s— |
— X/Lb:50
= 0.7 t X/L,=60
— X/Lb:70 —
O 06 X/IL,=80 —&— |
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5 05 t X/L,=100 —e— -
S 04}
—i
S
o 03+
(@)
0.2
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0

O O05 1 15 2 25 3 35 4
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Townsend 1976 and George 1989
B -

K(z,r)/ué versus n = r/(x)

IX/Lb:I:I.O —II—
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Different TKE scaling

f K(x,r)/(Usouopdd/dx) versus n = r/o(x) T

3 X/Lp=10 ——

XILp=20 —s—
55 i X/Lb:30 —_——
S e XILp=40 —&—

N X/Lb:50
X/Lb:60
X/Lb:70 —— |
X/ILp=80 —a—
X/Lp=90 —s—
X/Lb:].OO —_——

2 [

feta

15 ¢

1 L

05

- o B

Ko(x) ~ (Uxuopdd/dx) also supported by HWA (Nedic 2013) _,.



Ko(x) ~ (Usupdd /dx) for x > 20L,,
-

The failure of Ky ~ u? points to a failure of

Uooa%K = — < UgUy > 8 + Transport — €

because Production ~ — (u,u,) %U IS essential for obtaining
K() ~ u%

Our DNS shows that the production term is dominated by

normal stress terms on and around the centreline and that
these normal stress terms are not negligible off centreline

either. They are also not quite self-preserving,

(See Dairay, Obligado & V, JFM 781, 2015)

SOLUTION: use the TKE equation in the general form
Uso K =P+T —¢
Land do NOT assume self-preservation for Pand T. J
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Dissipation Is self-preserving atc > 207,

- N

e(x,r)/max,(e) versus n =r/é(x)

1 X/Lp=10 ——
09 | X/Lb:20 —_——
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—
© L
E 0.4
0.3
0.2
0.1
0

0O 05 1 15 2 25 3 35 4
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Revised Townsend-George theory

fThe Reynolds-averaged streamwise momentum eqguation
for an axisymmetric wake in a uniform and constant stream,

UOO(%(UOO —U) = —%%7’* < Ugplly >
has the general self-preserving solution
Uso = U = uo(x) flr/o(z),
and
< uzuy >= Ro(x)g|r/é(x)]
under the conditions
%5(:5) ~ =0 and ugd? ~ Usb? = Const

Uoo uoQ

where 0 Is the conserved momentum thickness.

2 conditions for 3 unknowns (9, ug, Rp), SO make use of
Kinetic energy equation.

o |
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Revised Townsend-George theory

-

The Reynolds-averaged kinetic energy equation for an
axisymmetric wake in a uniform and constant stream,

-

Uooa%K = Production + Transport — €
has the general self-preserving solution
K(z,r) = Ko(x)k[r/d(z)],
Production + Transport = PTy(x)t|r/d(x)]
and
e = Do(z)e[r/d(z)]
under the additional conditions

dKo , Ux Ko dd N
UOO dx 6 dx DO

IN TOTAL: 4 conditions for 6 unknowns ¢, ug, Ry, Ko and
Dy. Not enough to use

| Do~ K.?/6 |
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BUT!
- N

If we dispense with the idea that the small-scale turbulence
IS In Richardson-Kolmogorov equilibrium and therefore we

remove the main basis for Dy ~ KS’/2/(S (i.e. e ~ K3/2/L)

and if we adopt instead the non-equilibrium dissipation law
€ ~ ULy K/ L2, 0. Dy ~ Usg Ly Ko/ 6°

—see Ann. Rev. Fluid Mech. 47, 95-114 (2015) & Goto & V
Phys. Lett. A 379, 1144 (2015)—

then the conditions can be solved and we get:
Ro ~ Usoup % as in George (1989)
and
2~ (55 2(Ly/6) "2 and B ~ (S5 (6/ L)
~in agreement with DNS and HWA data. o
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Conclusion

-

George (1989) WITHOUT Kolmogorov equilibrium
e ~ K3/2/L BUT WITH non-equilibrium dissipation
€ ~ Uso Ly K/L? AND WITH WEAK RATHER THAN
STRONG self-preservation

implies

Ro ~ Uoouo as in George (1989)

) (2 2Ly 0)1/2 and g (557216 L)

New dissipation law valid in axisymmetric self-preserving
turbulence wakes too (see Dairay et al JFM 781 (2015) and
Obligado et al PRE (2016)). It is the only dissipation scaling
for which revised Townsend-George theory can be
conclusive!
What happens much further downstream? Surely not
Ltendlng towards classical equilibrium as local Rey, IS

dropping. even if tending towards ¢ ~ K3/2/1,?

|
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Reminder conclusion

- N

In various cases of unsteady turbulence (fractal grids,
regular grids, axisymmetric wakes, periodic turbulence)
Ce = RG[/R@L l.e. € ~ UOOLbu/2/L2
over several (initial) eddy turnover times.
There are very well defined —5/3 energy spectra over more

than a decade In this region. But not caused by equilibrium
cascade which seems absent here.

Consequence for mean flow deficit uy(z) and wake width
6(x) of axisymmetric weakly self-preserving wakes :
(u0/Uso) ! and (6/60)? vary linearly with streamwise distance
from the wake generator.

o |
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Ky ~ Uoouod5 ?

- N

< u? > /max,(< u? >)versus n =r/(x)
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- s 2w -

Cannot use self-preservation assumptions for extra terms.



Assumption of constant anisotropy

- N

V< u2 >/ <u2>versus z/L,

1.3
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Assumption of constant anisotropy

-

The correlation function between «, and «, and the ratios of
the r.m.s. values of u,, u, and u, are constant on the

surface r = §(x) defining the locations of the maximum
Reynolds shear stress.

-

It takes a little algebra to show that the revised
Townsend-George theory plus this assumption imply

ds
Ko ~ Usotipg

And if we add to this revised theory + assumption of
constant anisotropy the tradtional dissipation law

e ~ K3/2 /L (instead of the non-equilibrium dissipation law
e ~ Us Ly K/ L?), then we obtain the wake laws of Tennekes
L& Lumley, Townsend and George: J

U0/ Uso ~ (2520) 213 & 66 ~ (222)1/3



Vortex shedding andL, = v A

b __ D =1.501)H 14
f | : —Square |
7 . D=1502) | 7 <+ D, =1.3(4)
6k _.D;= 1.5(3) 12; 1 -+-Cross Platg
— | «D=15@)] : D= 15(4)]
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_4f ] 8 1
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Storuhal Number, St = (fvA)/Us Storuhal Number, St = (fvA)/Us
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