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Hydrodynamic turbulence
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𝑈𝑈 𝐿𝐿

Navier-Stokes equation

𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

+ 𝑢𝑢 ⋅ 𝛻𝛻 𝑢𝑢 = −
1
𝜌𝜌
𝛻𝛻𝑝𝑝 + 𝜈𝜈𝜈𝜈𝑢𝑢

𝑅𝑅𝑅𝑅 =
(𝑢𝑢 ⋅ 𝛻𝛻)𝑢𝑢
𝜈𝜈Δ𝑢𝑢

∼
𝑈𝑈𝑈𝑈
𝜈𝜈
≫ 1



Hydrodynamic turbulence
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Navier-Stokes equation

𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

+ 𝑢𝑢 ⋅ 𝛻𝛻 𝑢𝑢 = −
1
𝜌𝜌
𝛻𝛻𝑝𝑝 + 𝜈𝜈𝜈𝜈𝑢𝑢

𝑅𝑅𝑅𝑅 =
(𝑢𝑢 ⋅ 𝛻𝛻)𝑢𝑢
𝜈𝜈Δ𝑢𝑢

∼
𝑈𝑈𝑈𝑈
𝜈𝜈
≫ 1

Energy cascade
from large to small scales

In stationnary regime,
energy flux conservation

𝑃𝑃 = Π = 𝜀𝜀 ≡ 𝜈𝜈 𝜕𝜕𝑢𝑢𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

2

Energy
injection 𝑃𝑃

Energy
flux Π

Energy
dissipation 𝜀𝜀
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𝐿𝐿

𝑈𝑈



Turbulent viscosity

𝜀𝜀 ≡ 𝜈𝜈𝑇𝑇
𝑈𝑈
𝐿𝐿

2
 𝜈𝜈𝑇𝑇 ∼ 𝑢𝑢′ℓ ∼ 𝑈𝑈𝑈𝑈 𝜈𝜈𝑇𝑇 ∼ 𝑢𝑢′ℓ ∼ 𝑈𝑈𝑈𝑈

Hydrodynamic turbulence
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Mean rate of energy dissipation

𝜀𝜀 = Π ∼
𝑈𝑈3

𝐿𝐿

𝐿𝐿

Mixing length
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𝑈𝑈

Transport velocity

𝑢𝑢′ ∼ 𝑈𝑈
ℓ ∼ 𝐿𝐿

Energy
injection 𝑃𝑃

Energy
flux Π

Energy
dissipation 𝜀𝜀

Energy cascade
from large to small scales

 Dissipation anomaly



Dissipated power and drag coefficient
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𝑈𝑈 𝐿𝐿

Navier-Stokes equation

𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

+ 𝑢𝑢 ⋅ 𝛻𝛻 𝑢𝑢 = −
1
𝜌𝜌
𝛻𝛻𝑝𝑝 + 𝜈𝜈𝜈𝜈𝑢𝑢

𝑅𝑅𝑅𝑅 =
(𝑢𝑢 ⋅ 𝛻𝛻)𝑢𝑢
𝜈𝜈Δ𝑢𝑢

∼
𝑈𝑈𝑈𝑈
𝜈𝜈
≫ 1

Dissipated power 𝐷𝐷

and drag coefficient 𝐶𝐶𝑥𝑥

𝐷𝐷 = �𝜌𝜌𝜌𝜌𝜌𝜌𝑥⃗𝑥3 = 𝐶𝐶𝑥𝑥 𝜌𝜌𝐿𝐿2𝑈𝑈3𝜀𝜀 ∼
𝑈𝑈3

𝐿𝐿



Reynolds number 𝑅𝑅𝑅𝑅 = (𝑢𝑢⋅𝛻𝛻)𝑢𝑢
𝜈𝜈Δ𝑢𝑢

∼ 𝑈𝑈𝐿𝐿⊥
𝜈𝜈

Rossby number 𝑅𝑅𝑅𝑅 = (𝑢𝑢⋅𝛻𝛻)𝑢𝑢
2Ω×𝑢𝑢

∼ 𝑈𝑈
2Ω𝐿𝐿⊥

Non-dimensionnal frequency 𝜎𝜎∗ = 𝜕𝜕𝑢𝑢/𝜕𝜕𝜕𝜕
2Ω×𝑢𝑢

∼ 𝜎𝜎
2Ω

Reynolds number 𝑅𝑅𝑅𝑅 = (𝑢𝑢⋅𝛻𝛻)𝑢𝑢
𝜈𝜈Δ𝑢𝑢

∼ 𝑈𝑈𝐿𝐿⊥
𝜈𝜈
≫ 1

Rossby number 𝑅𝑅𝑅𝑅 = (𝑢𝑢⋅𝛻𝛻)𝑢𝑢
2Ω×𝑢𝑢

∼ 𝑈𝑈
2Ω𝐿𝐿⊥

≤ 1

Non-dimensionnal frequency 𝜎𝜎∗ = 𝜕𝜕𝑢𝑢/𝜕𝜕𝜕𝜕
2Ω×𝑢𝑢

∼ 𝜎𝜎
2Ω
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Turbulence under rotation 

Navier-Stokes equation in a rotating frame

𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

+ 𝑢𝑢 ⋅ 𝛻𝛻 𝑢𝑢 = −
1
𝜌𝜌
𝛻𝛻𝑝𝑝 − 2Ω × 𝑢𝑢 + 𝜈𝜈𝜈𝜈𝑢𝑢

Coriolis
force

Ω
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2D-3C flow

Rotation drives turbulence towards a 2D state 

In the limit 𝑅𝑅𝑜𝑜 = 𝑅𝑅𝑜𝑜𝑡𝑡 = 0, NS becomes
1
𝜌𝜌
𝛻𝛻𝑝𝑝 = −2Ω × 𝑢𝑢

Taking its curl gives Ω ⋅ 𝛻𝛻 𝑢𝑢 = 0

Taylor-Proudman Theorem = Geostrophic equilibrium

𝑅𝑅𝑅𝑅 = 0 2D 3C flow, but no turbulence

𝜎𝜎∗
𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

+ 𝑅𝑅𝑅𝑅 𝑢𝑢 ⋅ 𝛻𝛻 𝑢𝑢 = −𝛻𝛻𝑝𝑝 − 𝑒𝑒𝑧𝑧 × 𝑢𝑢 + 𝑅𝑅𝑅𝑅 𝑅𝑅𝑒𝑒−1𝛥𝛥𝑢𝑢



θ

𝑐𝑐𝑔𝑔 𝑐𝑐𝜑𝜑
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Inertial waves in fluids under rotation

Dispersion relation
𝜎𝜎

2Ω = cos(𝜃𝜃)

NS equation in a rotating frame at 𝑅𝑅𝑅𝑅 ≪ 1
𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

= −
1
𝜌𝜌
𝛻𝛻𝑝𝑝 − 2Ω× 𝑢𝑢

Bordes, Moisy, Dauxois & Cortet, PoF (2012) 
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ℓ ∼ 𝑈𝑈
Ω

i.e. typical radius of gyration
of fluid particles in the wave

ℓ



Rate of energy dissipation of rotating turbulence at 𝑅𝑅𝑜𝑜→0 
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Turbulent viscosity
𝜈𝜈𝑇𝑇 ∼ 𝑈𝑈 ℓ

Jacquin, Leuchter, Cambon & Mathieu, JFM (1990)
Zhou, PoF (1995)
Smith, Chasnov & Waleffe, PRL (1996)
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𝜀𝜀 =
𝑈𝑈4

Ω𝐿𝐿2
= 𝑅𝑅𝑅𝑅

𝑈𝑈3

𝐿𝐿
= 𝑅𝑅𝑅𝑅 𝜀𝜀∞

Mixing length
ℓ ∼ 𝐿𝐿

ℓ ∼ 𝑈𝑈/Ω

Energy
injection 𝑃𝑃

Energy
flux Π

Energy 
dissipation 𝜀𝜀

𝐿𝐿

𝑈𝑈

𝑢𝑢′ ∼ 𝑈𝑈
ℓ ∼ 𝑈𝑈/Ω



Velocity field decomposition on the helical mode basis

Navier-Stokes equation becomes

avec

10

Craya (1958)
Herring, PoF (1974)

Cambon & Jacquin, JFM (1989)
Waleffe, PoF (1992)
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avec

Without rotation, the timescale of energy transfers is

𝜏𝜏𝑡𝑡𝑡𝑡 ∼
1

𝐶𝐶𝐤𝐤𝐤𝐤𝐤𝐤 𝐴𝐴
∼ 1

𝑘𝑘𝑘𝑘
∼ 𝜏𝜏𝑛𝑛𝑛𝑛  Π ∼ 𝑈𝑈2

𝜏𝜏𝑡𝑡𝑡𝑡
∼ 𝑈𝑈3

𝐿𝐿



Under rotation (𝑅𝑅𝑅𝑅 → 0), there is a scrambling effect at times longer than

𝜏𝜏Ω =
1

𝜎𝜎𝐤𝐤 + 𝜎𝜎𝐩𝐩 + 𝜎𝜎𝐪𝐪
∼

1
Ω

Interactions are efficient during a relative time     𝜏𝜏Ω
𝜏𝜏𝑛𝑛𝑛𝑛

∼ 𝑅𝑅𝑅𝑅

 𝜀𝜀 = Π ∼ 𝑅𝑅𝑅𝑅 𝑈𝑈2

𝜏𝜏𝑡𝑡𝑡𝑡
∼ 𝑅𝑅𝑅𝑅 𝑈𝑈3

𝐿𝐿⊥

Weakly non-linear rotating turbulence, 𝑅𝑅𝑜𝑜→0
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Iroshnikov (1964)
Kraichnan (1965)

If (𝜎𝜎𝐤𝐤,𝐤𝐤) vérifies the wave dispersion relation,

Helical mode ≡ Plane inertial wave



Rate of energy dissipation of homogeneous turbulence
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𝜀𝜀 =
𝜀𝜀∞ for 𝑅𝑅𝑅𝑅 ≫ 𝑅𝑅𝑜𝑜𝑐𝑐
𝑅𝑅𝑅𝑅 𝜀𝜀∞ for 𝑅𝑅𝑅𝑅 ≪ 𝑅𝑅𝑜𝑜𝑐𝑐

⁄𝜀𝜀 𝜀𝜀∞

𝑅𝑅𝑅𝑅𝑅𝑅𝑜𝑜𝑐𝑐

New Challenges in Turbulence Research IV, Les Houches, March 20-25, 2016 Pierre-Philippe Cortet

𝑅𝑅𝑒𝑒 = ∞

Does this « wave turbulence » scaling exist

in real rotating turbulence ?



Kraichnan, PoF (1965)
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Inertial wave turbulence, 𝑅𝑅𝑅𝑅 → 0

𝑘𝑘∥
𝑘𝑘⊥
↘ Anisotropic and direct energy cascade

Ω

Mode 2D

𝑘𝑘𝑎𝑎

Ω
𝑘𝑘

𝑘𝑘𝑘

𝑘𝑘𝑎𝑎

Anisotropic energy spectrum

𝐸𝐸 𝑘𝑘⊥,𝑘𝑘∥ ∼ 𝑘𝑘⊥
−5/2𝑘𝑘∥

−1/2

Galtier, PRE (2003)
Cambon, Rubinstein, Godeferd, NJP (2004)

Rate of energy transfer

Π ∼ 𝑅𝑅𝑅𝑅 𝜀𝜀∞ = 𝑅𝑅𝑅𝑅
𝑈𝑈3

𝐿𝐿

𝑘𝑘⊥0 + 𝑘𝑘⊥1

𝑘𝑘 ∥
0

+
𝑘𝑘 ∥
1
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Decaying grid turbulence under rotation

Lamriben, Cortet & Moisy, PRL (2011)
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�Ω𝑡𝑡
2𝜋𝜋

𝑅𝑅𝑜𝑜

Turbulence decay, 𝑅𝑅𝑅𝑅(𝑡𝑡)

𝑅𝑅𝑅𝑅 ≳ 1

Negligible rotation effects

Anisotropic

Isotropic
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𝑅𝑅𝑅𝑅 ≲ 1

Rotation at play

𝑅𝑅𝑅𝑅 𝑡𝑡 =
𝑢𝑢rms(𝑡𝑡)

2Ω 𝐿𝐿⊥(𝑡𝑡)

New Challenges in Turbulence Research IV, Les Houches, March 20-25, 2016 Pierre-Philippe Cortet



𝜀𝜀
𝜀𝜀∞

(𝑡𝑡)

𝑡𝑡𝑉𝑉𝑔𝑔/𝑀𝑀

16

Rate of energy dissipation

𝜀𝜀 ∼ 𝑈𝑈3

𝐿𝐿⊥
∼ 𝜀𝜀∞

𝜀𝜀 is not affected by rotation

New Challenges in Turbulence Research IV, Les Houches, March 20-25, 2016 Pierre-Philippe Cortet

Too large Rossby number ?

Strongly non-linear rotating

turbulence : 𝑅𝑅𝑅𝑅 ∼ 1

⁄𝜀𝜀 𝜀𝜀∞

𝑅𝑅𝑅𝑅𝑅𝑅𝑜𝑜𝑐𝑐
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Impeller in rotation in a tank under rotation

Direct measurements of the injected power

𝑃𝑃 = Γ 𝜔𝜔

New Challenges in Turbulence Research IV, Les Houches, March 20-25, 2016 Pierre-Philippe Cortet

Torque Rotation rate
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Torque applied by the motor

New Challenges in Turbulence Research IV, Les Houches, March 20-25, 2016 Pierre-Philippe Cortet

• Cyclonic-anticyclonic asymetry

• Fully turbulent scaling Γ ∼ 𝜔𝜔2 ?

CyclonicAnticyclonic



19

Non-dimensionnal torque = Drag coefficient

𝐾𝐾 ≡
Γ

𝜌𝜌𝑅𝑅4𝐻𝐻𝜔𝜔2 =
𝜀𝜀
𝜀𝜀∞

New Challenges in Turbulence Research IV, Les Houches, March 20-25, 2016 Pierre-Philippe Cortet

+1

Maximum of dissipation:
Relation with the centrifugal instability maximum for 𝜔𝜔 ∼ −Ω ?
Kloosterziel, Van Heijst, JFM (1991)
Mutabazi, Normand, Wesfreid, PoF (1992)
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Dissipation peak in Taylor-Couette flow

New Challenges in Turbulence Research IV, Les Houches, March 20-25, 2016 Pierre-Philippe Cortet

Dubrulle et al. 2005
Van Gils et al. 2011
Paoletti & Lathrop 2011
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Dissipation peak in Taylor-Couette flow

New Challenges in Turbulence Research IV, Les Houches, March 20-25, 2016 Pierre-Philippe Cortet
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Rate of energy dissipation = Rate of energy transfers ?

New Challenges in Turbulence Research IV, Les Houches, March 20-25, 2016 Pierre-Philippe Cortet

PIV measurements !



𝑃𝑃 = �𝜌𝜌
𝑢𝑢𝑝𝑝′

3

ℎ 𝑑𝑑3𝑥⃗𝑥
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Rate of energy dissipation and rate of energy transfers

New Challenges in Turbulence Research IV, Les Houches, March 20-25, 2016 Pierre-Philippe Cortet

𝑃𝑃 = �𝜌𝜌
𝑢𝑢𝑝𝑝′

3

ℎ 𝑑𝑑3𝑥⃗𝑥

The rate of energy transfers follows the 
non-rotating turbulence scaling 𝜀𝜀 =

𝑢𝑢𝑢3

ℎ
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Rate of energy dissipation and rate of energy transfers

New Challenges in Turbulence Research IV, Les Houches, March 20-25, 2016 Pierre-Philippe Cortet

The efficiency of the forcing is
weakened by rotation

The 2 dimensionnalization of the large 
scale flow by rotation kills the poloidal

circulation and its fluctuations

P = �𝜌𝜌
𝑢𝑢′3

ℎ 𝑑𝑑3𝑥⃗𝑥 = 𝑅𝑅𝑅𝑅 𝜌𝜌𝑈𝑈3𝑅𝑅𝑅
∫𝑢𝑢′3𝑑𝑑3𝑥⃗𝑥
𝑈𝑈3𝑅𝑅ℎ2 = 𝑅𝑅𝑅𝑅
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Impeller rotating around a horizontal axis
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Direct numerical simulations under rotation with 3D forcing

Two-times correlation of spatial 

Fourier modes

New Challenges in Turbulence Research IV, Les Houches, March 20-25, 2016 Pierre-Philippe Cortet

𝜏𝜏

�𝒖𝒖 𝒌𝒌, 𝑡𝑡 ⋅ �𝒖𝒖∗ 𝒌𝒌, 𝑡𝑡 + 𝜏𝜏
�𝒖𝒖 𝒌𝒌, 𝑡𝑡 ⋅ �𝒖𝒖∗ 𝒌𝒌, 𝑡𝑡

𝜏𝜏𝑛𝑛𝑛𝑛/𝑅𝑅𝑅𝑅

𝜏𝜏
𝜏𝜏𝑛𝑛𝑛𝑛
𝑅𝑅𝑅𝑅

≡ Energy transfer time-scale of 

inertial wave turbulence

𝜋𝜋/Ω

≠ 𝜏𝜏𝑛𝑛𝑛𝑛/𝑅𝑅𝑅𝑅
≠ 𝜏𝜏𝑛𝑛𝑛𝑛

Sweeping by the strong 2D vortex mode
disrupts the « wave turbulence physics »

= 1
𝑘𝑘⋅𝑈𝑈2𝐷𝐷
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