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Motivations

Diagram not to scale

Turbulence in
rotating fluids

Mininni (2013)

Flows in planetary cores Waves and vortices in rotating fluids
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Sources of motion in planetary fluid layers

e A classical mechanism: thermo-solutal convection

................

................

Solid inner core

Schaeffer et al. (2017), Code XSHELLS
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e A classical mechanism: thermo-solutal convection

e Very efficient at sustaining magnetic fields...

Glatzmaiers and Roberts (1995) Schaeffer et al. (2017), Code XSHELLS
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Sources of motion in planetary fluid layers

e A classical mechanism: thermo-solutal convection

e Very efficient at sustaining magnetic fields...

Glatzmaiers and Roberts (1995) Schaeffer et al. (2017), Code XSHELLS

e ... but with tight energy budget and strongly dependent on
poorly-constrained thermal history and properties
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Magnetic fields in the Solar system

The Sun Jupiter
......... .“.
° ®
®
E/Ier(r;csirn%[) Venus Mars lo
P (no present The Moon (before -4 Gy) (present)
magnetic field) (-4.2 to - 3.6 Gy)
Earth Ganymede
(at least -3.5 Gy - present) (present)

Le Reun (2019)

Could there be another source of dynamo action?
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Celestial mechanics
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Celestial mechanics
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Origin of the dissipation required to circularize close-in orbits?
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Hydro-thermal activity on Enceladus
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Hydro-thermal activity on Enceladus

What is the heat source sustaining the liquid ocean?
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Sources of motion in planetary fluid layers

e (Gravitational interactions lead to mechanical forcing:

Tides

Moon, planet

Planet, star

Tidal distorsion
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Sources of motion in planetary fluid layers

e (Gravitational interactions lead to mechanical forcing:
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Sources of motion in planetary fluid layers

e (Gravitational interactions lead to mechanical forcing:
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Sources of motion in planetary fluid layers

e (Gravitational interactions lead to mechanical forcing:

Tides Precession/Nutation Libration

6 : nutation angle Earth

1: precession angle

attraction
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Sources of motion in planetary fluid layers

e (Gravitational interactions lead to mechanical forcing:

/ >~
A/ \L
<« —_—
A — — ‘
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Tides Precession/Nutation Libration

e These forcing can generate intense fluid motions:

Waves (direct forcing) Zonal flows Turbulence

Ogilvie et al. 2007 Morize et al. 2010 Noir et al. 2012
Favier et al. 2014 Calkins et al. 2012 Grannan et al. 2014

Favier et al. 2015
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Rotating turbulence: waves versus vortices

Navier-Stokes in the rotating frame:
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Rotating turbulence: waves versus vortices

Navier-Stokes in the rotating frame:

a—u+u~Vu+29><u:—VP+VV2u—l—f
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Low Rossby Ro = Q—U}J limit
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Rotating turbulence: waves versus vortices

Navier-Stokes in the rotating frame:
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Inertial waves
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Favier (2009) Yarom (2014)
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Rotating turbulence: waves versus vortices

Navier-Stokes in the rotating frame:
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Rotating turbulence: waves versus vortices

Navier-Stokes in the rotating frame:

0
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Low Rossby Ro = Q—U}J limit
Inertial waves Geostrophic Aow
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Favier (2009) Yarom (2014) Mininni (2013) Le Reun (2017)

Role of the forcing f7
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Rotating tri-axial ellipsoids
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Rotating tri-axial ellipsoids
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Rotating tri-axial ellipsoids

Libration: modulation of the
rotation rate

Q(t) = Qo [1 + ecos(fQot)] e,
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Rotating tri-axial ellipsoids

a? — b?
B = 2 2
a“ + b

Libration: modulation of the
rotation rate

Q(t) = Qo [1 + ecos(fQot)] e, a(t),b(t), c(t)

Tides: modulation of the shape



Introduction Base flows, instabilities, regimes New experiment Local model Conclusion
@O000000000 00000000000 O00000O0O0O00OO0000

Base flow driven by libration ouen 1sss)
Q(t) = Qo [1 + ecos(fQot)] e,

Mantle frame rotating at €2(t) Frame rotating at g
—(1+8)Y" E

U, = Qoesin(Qoft) | (1—B)X Uy, = QoeBsin(Qo f1) |y
0 0]
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Base flow driven by libration ouen 1sss)
Q(t) = Qo [1 + ecos(fQot)] e,

Mantle frame rotating at €2(t) Frame rotating at g
—(1+8)Y" E

U, = Qoesin(Qoft) | (1—B)X Uy, = QoeBsin(Qo f1) |y
0 0]

Dimensionless parameters:

e Input Rossby number Ro = €83
e Libration frequency f

e Ekman number E = v/(Qga?)
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Base flow driven by tides

Conclusion

Planetary frame rotating at ()

Orbital frame rotating at n
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Dimensionless parameters:
e Input Rossby number Ro = (3

e Differential rotation frequency v = 2y — n
e Ekman number E = v/(Qqa?)
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Tides

Libration

nation by

Are these flows stable?
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Tides

Libration

Are these flows stable?

e Boundary instabilities
(centrifugal, Noir et al. (2009))

e Bulk instabilities
(elliptical)
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Parametric instabilities

7~ o\

4/1

Forced pendulum Faraday waves (Youtube)
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Parametric instabilities

4/1

Forced pendulum

///l 1 ;(( ?"" ;\ q\\\\

A g re TE ) '»I
“_\ - - / /
\C\\ =7 //

NS=Z

Faraday waves (Youtube)

Harmonic oscillator + Harmonic forcing
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Parametric instabilities

( =

4/1

Forced pendulum Faraday waves (Youtube)

Harmonic oscillator + Harmonic forcing

Elliptical instability: Inertial waves + Flow with elliptic
streamlines
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The harmonic oscillator: inertial waves

Navier-Stokes in the rotating frame:

9,
8—1:+U-Vu+29><u:—VP—|—VV2u

Poincaré equation (linear inviscid limit):

0°V3u , 0%u
o T2 =0

a. Inertial wave

w = 120 cos b
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The harmonic oscillator: inertial waves

Navier-Stokes in the rotating frame:

9,
8—?:+u-Vu+29><u:—VP—|—VV2u

Poincaré equation (linear inviscid limit):

272 2

Ot2 022

w = 12 cos




Introduction Base flows, instabilities, regimes New experiment Local model Conclusion
O000@00000 00000000000 O00000O0O0O00OO0000

The harmonic oscillator: inertial waves

Navier-Stokes in the rotating frame:

%+u-vu+zﬂxu=—VP+uv2u

Poincaré equation (linear inviscid limit):

w = 120 cos b

Kerswell (1994) m=1, v=1.2 m=1, ®=1.9
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Elliptical instability

I m=2, =134

— | Elliptical instability

m=1, =19
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Elliptical instability

— | Elliptical instability

Parametric sub-harmonic instability
Extensively studied in the context of strained vortices (Baiuy

1986, Pierrehumbert 1986)

Suggested for geophysical applications by Malkus (1963,1989)
Reintroduced by Kerswell (1996,2002)

Observed experimentally in ellipsoidal containers (Le Bars 2015)
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Elliptical instability

m=2, w=1.34 m=1, v=1.7

— | Elliptical instability

Parametric sub-harmonic instability
Extensively studied in the context of strained vortices (Baiuy

1986, Pierrehumbert 1986)

Suggested for geophysical applications by Malkus (1963,1989)
Reintroduced by Kerswell (1996,2002)

Observed experimentally in ellipsoidal containers (Le Bars 2015)

= Energy is injected in resonant inertial waves only
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Experimental setups

IRPHE, Marseille

Morize et al. 2010
Grannan et al. 2017

Camera in spin
e
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rotating at 2.},
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container, /3 ,
rotating at 2pin (%)

SpinLab, Los Angeles

Noir et al. 2012
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Camera mounted
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Platform, €,

Table rotating
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Experimental setups
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Experimental setups
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Experimental setups
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An example of libration-driven instability
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Results for f/Q2 =4
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Results for f/Q2 =4
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Instability threshold
Secondary resonances
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Results for f/Q2 =4
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From the lab to planets...
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A new (bigger) experiment
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A new (bigger) experiment
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A new (bigger) experiment

The experiment Simulations Planetary cores

2 12 ;

Ellipticity 3 = a2—+22 0.33 0.33 <107°
a

Libration -3
amplitude €= A2/ | 0.05-0.30 0.8 <10
Libration An
frequency f 4 4 y
=kman g _ /(a20) > 5x 107 <1071
number

Favier et al. 2015 Cébron et al. 2012
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A new (bigger) experiment

Previous experiments
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Low forcing amplitudes

Equatorial flow in the quasi-steady state

E=5x10"% and Ro=5x10"% (Ro.=2 x 1072)
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Low forcing amplitudes

Temporal power spectra
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E=5x10"% and Ro=5x10"2 (Ro.=2x 1072)
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Low forcing amplitudes

Temporal power spectra

Ro=5.5x 1072
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Low forcing amplitudes

Temporal power spectra

Ro=5.5x 1072
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Low forcing amplitudes
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Conclusion
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Local model
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Increasing the forcing amplitude

Ro; = 5.28 x 102 Ro; = 6.20 x 1072

Ro; = 6.92 x 1072

Conclusion
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Increasing the forcing amplitude

Ro; = 5.28 x 1072 Ro; = 6.20 x 1072 Ro; = 6.92 x 1072

1 — t=104 1 — t=231
— t =086 — t =869

0 2 4 0 2 4 0 2 4
Frequency w/Qo Frequency w/Qo Frequency w/Qo

e Disappearance of the sharp peaks
e Rise of the background level

e Increase of the mean flow amplitude
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Rise of the geostrophic flow

Equatorial flow in the quasi-steady state

E=5x10"% and Ro=7x10"2% (Ro.=2x 1072
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Rise of the geostrophic flow

Mean flow U, Ro = 6.78 x 1072 %1072 Mean flow zonal component
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Rise of the geostrophic flow

Introduction Base flows, instabilities, regimes
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Feedback on the resonant waves

Radius /a
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Feedback on the resonant waves

Radius /a
Ro=6.78 x 1072 Ro =8.61 x 1072
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Summary of all experiments

Previous works..-
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' ¢ Above threshold
® Below threshold
........ Ro o E1/2

ROZ' — 58
—_
=

e
1079 1072 104 1073
Ekman number E

Conclusion



Outline

Introduction
Base flows, instabilities and parameter regimes
Towards the asymptotic regime in the lab?

Towards asymptotic regimes: the local approach
Rotating case
Stratified case

Conclusions and Perspectives



Introduction Base flows, instabilities, regimes New experiment Local model Conclusion
O000000000 00000000000 O00000O0O0O00OO0000

Decreasing forcing and dissipation: local approach

Rotation
vector

Plane of the

tidal deformation
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Tidal base flow

B = (a? — b*)/(a® + b?) is the ellipticity
~v = ) — n is the relative rotation rate

lion by

Solution of the Navier-Stokes eqs in the frame rotating at €2:
sin2yt cos2vyt 0

x
U =—y8|cos2yt —sin2~4t 0 y | = A(t)X
0 0 0 2

Sridhar & Tremaine 1992, Kerswell 2002, Barker 2016
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Local model of tidally-driven elliptic instabilities

Lagrangian 7 Studied patch
trajectory

Global fluid domain

Orbital frame Planetary frame

05 = 1 0
Il —0.21

>~ 0.0] L¢] 31| > o
Y\ —0.41

—0.5° L

—1 0 1 1 0 1 0.50 0.75 1.00
X X

Lagrangian trajectory of a small fluid patch
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Local model of tidally-driven elliptic instabilities

Lagrangian \Z Studied patch
trajectory —

Global fluid domain

Perturbation equations in the Lagrangian frame moving with the
base flow

a—u+A(t)m-Vu+A(t)u+u-Vu+262><u — —VII + EV-u

ot
V-u =0
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Local model of tidally-driven elliptic instability

e Shearing box approach in a tri-periodic domain (Kelvin mode
decomposition)

{u, 11} = Z{ﬁk(t),ﬁk(t)} Gik(t)

k
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Local model of tidally-driven elliptic instability

e Shearing box approach in a tri-periodic domain (Kelvin mode
decomposition)

{u, 11} = Z{ﬁk(t),ﬁk(t)} Gik(t)
k

e Pseudo-spectral code SNOOPY (G. Lesur, adapted by A. Barker)

e We can now reach 8~ 1073 and E ~ 10~ 7
(8~ 0.1 and E ~ 10~ in global models!)
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Local model of tidally-driven elliptic instability

e Shearing box approach in a tri-periodic domain (Kelvin mode
decomposition)

{u,} = 3" L), Tk e+
k

e Pseudo-spectral code SNOOPY (G. Lesur, adapted by A. Barker)

e We can now reach 8~ 1073 and E ~ 10~ 7
(8~ 0.1 and E ~ 10~ in global models!)
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A typical simulation (s=o0.05 £ =109

101-
> .
0 Geostrophic — k., =0
= 10
S
g 10—3 —o— Non_geostrophic NOD-geOStrOphiC — kz % O
=< N —a— (eostrophic

—— Total
107° - -
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A typical simulation (s=o0.05 £ =109

Spatio-temporal decomposition
u(x,t) — ulk,w) — FEO,w)

Dispersion relation of inertial waves: w = 2{) cos 6
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What are we missing?

— Ekman friction term

_frEl/QUG

_fTE1/2fa(kz =0) in spectral space
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What are we missing?”

— Ekman friction term
_frE1/2uG

— frEY/24(k, =0) in spectral space

S

e Analogous to 2D, QG and WT in a channel (scott 2014)

e Asymptotically, the geostrophic flow cannot be forced by
exactly-resonant inertial modes (Greenspan 1969)

e Magnetic field damps geostrophic Hows (Barker2013, Guervilly2015)
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Simulations with frictional damping
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Simulations with frictional damping
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Simulations with frictional damping

100 L=

101.
> 101
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€ 107!
v 1072
g 1073 —e— N trophi
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Spatial and temporal spectra for the most extreme case

Energy F(w)

Local model

0000000000000

Conclusion
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Frequency w
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Spatial and temporal spectra for the most extreme case

-5 .
Y 3
& =
Z 1077 =
= ]
10~ . . 10712 . . : \'S
10° 10! 102 0.0 0.5 1.0 1.5 2.0
k/(2m) Frequency w
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a

=2 8
= z
3 5
— =
=}

3 55
Eargp. 5
e

=]

0.0 . : .
0 ~10 —5 0 5 10

dw/Ro; = (w —2cosb)/Ro;
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Towards inertial wave turbulence?

B=5x10"3 E=10"

Frequency
(N)

—

e Most of the energy is contained in inertial waves
e Weak nonlinear transfers from the resonant frequency only

e Small finite size effects, very low E
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Towards inertial wave turbulence?

B=5x10"3 E=10"

Frequency
(N)

—_

e Most of the energy is contained in inertial waves
e Weak nonlinear transfers from the resonant frequency only

e Small finite size effects, very low E

= Weak inertial wave turbulence
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Towards inertial wave turbulence?

B=5x10"3 E=10"

e Most of the energy is contained in inertial waves
e Weak nonlinear transfers from the resonant frequency only

e Small finite size effects, very low E

= Weak inertial wave turbulence

Key quantity: |ug|/|usp]
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Sub-dominant geostrophic mode even without friction...
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Sub-dominant geostrophic mode even without friction...
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Sub-dominant geostrophic mode even without friction...

Kinetic energy

Kinetic energy
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Bi-stability? Sub-criticality?
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(Generalization to stratified fluids

e Elliptic instabilities can be generalized to stratified fluids

(Miyazaki&Fukumoto 1992)

o Slmllar to PSI 111 Stl‘atiﬁed tankS (McEwan 1975, Benielli&Sommeria
1996, Bourget 2013) and in the ocean (MacKinnon 2013)

e Resonance mechanism based on internal waves instead of
inertial waves

0°V3u,
Ot?

+ N?V%u, =0

w=+Nsinb
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Comparison between DNS and Floquet analysis

1. 2. 3.
k = 2m(4,2,3) k = 27(9,8,2) k = 2r(11,10,1)
104 &, = 1.408 | 5, =1.368 |5, =1.238
> Gon = 1.448 G = 1.608 G = 1.588
)
g 107°
8
®
RS
N 10—14
10—19

100 200 300 100 200 300
Time (tidal units)

WKB + Floquet analysis for the linear inviscid limit
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Conclusion

Comparison between DNS and Floquet analysis

5r(a,8)/8  B=5x107"
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Growth rate scales linearly with the amplitude of the forcing 3
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Comparison between DNS and Floquet analysis
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Comparison between DNS and Floquet analysis
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Nonlinear saturation via DNS
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Isotropic energy spectra

Velocity Buoyancy

Ey(k)
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Temporal spectra

Energy x w?
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""""" Excitation
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Conclusion
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Temporal spectra

Garret&Munk 1975
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Two regimes ot saturation
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Two regimes ot saturation

Geostrophic flow

Mean flow U, Ro = 6.78 x 102

0.1
0.0 g

—0.1 -

—0.1 0.0 0.1

.
.
.

O O

Previous works..-

Experiments .

¢ Above threshold
@® Below threshold
........ Ro < E1/2

107 10~4 1073
Ekman number F

Inertial wave resonances



Introduction Base flows, instabilities, regimes New experiment Local model Conclusion
O000000000 00000000000 O00000O0O0O00OO0000

Two regimes of saturation

Geostrophic flow

Mean flow U, Ro = 6.78 x 102
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Towards inertial wave turbulence in planetary cores?

Input Rossby number
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Conclusion

e Large-scale mechanical forcings can drive small-scale
turbulence in rotating fluids

e Nonlinear saturation can lead to :

e dominant geostrophic flows
e inertial wave cascade

e Which regimes are more relevant to geophysics?

e The generation of geostrophic modes by quasi-resonant
interactions still needs to be clarified
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Perspectives

e More detailed statistical description of the wave turbulence
regime
- Comparison with AQNM (Bellet et al. 2006) and kinetic theory

(Galtier 2003, Gelash et al. 2017, Gamba et al. 2017)

e Can we isolate small-scale inertial waves “surfing” on the
geostrophic mode?

- Systematic study varying the amplitude of the geostrophic
flow
- Critical layers?

e (Can these flows drive a dynamo (Moftatt 1970, Davidson 2014) 7
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Thank you for your attention!

Generation and maintenance of bulk turbulence by libration-driven elliptical
instability. B. Favier, A.M. Grannan, M.Le Bars & J.M. Aurnou, Phys. Fluids 27
(2015)

Inertial wave turbulence driven by elliptical instability. T. Le Reun, B. Favier, A.
Barker & M. Le Bars, Phys. Rev. Lett. 119 (2017)

Parametric instability and wave turbulence driven by tidal excitation of internal
waves. T. Le Reun, B. Favier & M. Le Bars, J. Fluid Mech. 840 (2018)
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Base flow driven by libration
Time-dependent rotation rate:
Q(t) = Qo (1 4+ ecos(fQot)) e,
Vorticity equation in the frame rotating at (¢)
WA u-Vw = [(w+29) - V]u+ 29

Looking for uniform vorticity solution of the form w = (0,0, w,)

leads to
Mantle frame rotating at €2(t) Frame rotating at g
—(1+ P)Y] |
U, = Qoesin(Qo ft) | (1 —5)X U, = QoBesin(Qo f1) |y
0 0
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Equations and growth rates

Let us decompose the velocity field as

U=U,+u

The equation for the perturbations is
du+Uy, - Vu+u-VUy+u-Vu+2Q xu=—Vp+rViu

Rewriting the base flow as U, = A(t)x, and taking the linear
inviscid limit leads to

J

O+ 20 X u+ Vp = — A(t)u + A(t)x - Vul

TV
Linear oscillator Parametric forcing

which is similar to a Mathieu equation.
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Equations and growth rates

The velocity perturbation can be decomposed onto two inertial
modes

u(x) = A1(H) Wi (x) + A2(t) P2 ()
where each inertial mode satisfies
2 x W, + VI, = w;W; and V-W¥,; =0

Using the orthogonality relation (¥;|®¥;) = J;; leads to the
amplitude equations for a;(t) = exp(iw;t)A;(t)

él,l = <‘P1‘L(t)’u,> €_iw1t
as = <\IIQ\L(t)u> e~ w2l

where L(t) is the parametric forcing operator

Litu = Alt)u + A(t)x - Vu with U, = A(t)x
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Equations and growth rates

The interaction coefficients are non-zero providing that the
following resonance conditions are satisfied
This can readily be done assuming a scale separation between

short wavelength resonant modes and the large-scale base flow
(WKB).

These are inviscid growth rates which are, in practice, corrected

by
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The forcing: base flow with elliptic streamlines

A
Q s

® Strained vortices (Bayly 1986)

\ % ® Vortex pair (Pierrehumbert 1986)
/ ® Planetary cores (Malkus 1989)

Base flow with elliptic streamlines

P <

e u—=(Ay,—Bx,0 Uniform vorticity A + B and Strain A — B
(Ay, — B,

e Elliptic instability: resonance of a pair of inertial modes
with the underlying strain field (kerswen 2002)

e Observed experimentally in ellipsoidal containers (Le Bars 2015)
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The forcing: base flow with elliptic streamlines

A
Q s

® Strained vortices (Bayly 1986)

\ % ® Vortex pair (Pierrehumbert 1986)
/ ® Planetary cores (Malkus 1989)

Base flow with elliptic streamlines

P <

e u—=(Ay,—Bx,0 Uniform vorticity A + B and Strain A — B
(Ay, — B,

e Elliptic instability: resonance of a pair of inertial modes
with the underlying strain field (kerswen 2002)

e Observed experimentally in ellipsoidal containers (Le Bars 2015)

= Energy is injected in resonant inertial waves only
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An example of tidally-driven instability
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Isotropic energy spectra- Rotating case
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Toward wave turbulence driven by tidal forcing?

log

>

Stratified case

Our simulations

R>1

Stable
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Numerical approach

Spectral element code Nek5000
http://nek5000.mcs.anl.gov

e [/ hexahedral elements

e N? tensor-product Gauss-Lobatto
Legendre collocation points

e Algebraic convergence with E
e Exponential convergence with N

e 3" order explicit
Adams-Bashforth scheme for
convective terms

e 3" order implicit Backward
Differentiation scheme for
diffusive and pressure terms
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From strong to weak turbulence?

Turbulent jet

e Fast and strong
nonlinearities

e Intermittency and coherent
structures

e No complete statistical
theory
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From strong to weak turbulence?

Turbulent jet Surface gravity waves
e Fast and strong e Slow and weak
nonlinearities nonlinearities
e Intermittency and coherent e Only dispersive waves
structures e Weak turbulence theory
e No complete statistical (Zakharov spectrum)

theory
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From strong to weak turbulence?

Turbulent jet Surface gravity waves
e Fast and strong e Slow and weak
nonlinearities nonlinearities
e Intermittency and coherent e Only dispersive waves
structures e Weak turbulence theory
e No complete statistical (Zakharov spectrum)

theory

Which regime is more relevant to planetary settings?




