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• Polymer modelling 

• Coil-stretch transition in extensional flows 

• Random and turbulent flows 
✦ PDF of the extension 

✴ Large deviations theory 
✴ Batchelor—Kraichnan model 
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✴ Micro-fluidics experiments 
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• Perspectives
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  Polymers in a flow field: dimensionless parameters 

equilibrium end-to-end separation

Req

b = (L / Req)2

L

contour length

Extensibility parameter

In experiments: polystyrene, PEO, PAM, and DNA; 10′ s μm ≲ L ≲ 1mm, 102 ≲ b ≲ 104
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Perkins, Smith & Chu  
Science (1994)

Weissenberg number

DNA with L ≈ 40μm, sucrose or glycerol solution

Wi = τ/Tflow

⟨R2(t)⟩ ∼ R2
eq + c e−t/τ



Polymer models: The bead–spring chain

Xc
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Polymer models: The bead–spring chain

Forces  on the i-th bead  

 1. Stokes drag:      

 2. Thermal noise:  with   independent white noises 

 3. Elastic force:     

Fd
i = − ζ[ ·xi − u(xi, t)]

FB
i = 2KBT/ζ ξi(t) ξi(t)

Fel
i = k fi (xi+1 − xi) + k fi−1 (xi−1 − xi)

Xc
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Elastic coefficient 

                                                               (Hooke) 

            (FENE) 

                  (Marko—Siggia)
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fi =
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, Qi = |xi+1 − xi |
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2
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−
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6Qi
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ℓ
6Qi(1 − Qi /ℓ)2

Polymer models: The bead–spring chain

Forces  on the i-th bead  

 1. Stokes drag:      

 2. Thermal noise:  with   independent white noises 

 3. Elastic force:     

Fd
i = − ζ[ ·xi − u(xi, t)]

FB
i = 2KBT/ζ ξi(t) ξi(t)

Fel
i = k fi (xi+1 − xi) + k fi−1 (xi−1 − xi)

Xc
<latexit sha1_base64="AIQk30qVYiadSjNGgKvGbRmY6nI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8CAlEUGPRS8eK9g20Iay2W7apbtJ2J0IpfRPeFQv4tW/48F/46bNQVtfWHh4Z4adecNUCoOu++2U1tY3NrfK25Wd3b39g+rhUdskmWa8xRKZaD+khksR8xYKlNxPNacqlLwTju/yeueJayOS+BEnKQ8UHcYiEoyitfxeqIjfZ5V+tebW3bnIKngF1KBQs1/96g0SlikeI5PUmK7nphhMqUbBJJ9VepnhKWVjOuRdizFV3ATT+b4zcmadAYkSbV+MZO7+nphSZcxEhRehss2K4sgsl3Pzv1o3w+gmmIo4zZDHbPFXlEmCCcnvJwOhOUM5sUCZFnZdwkZUU4Y2pTwHb/nqVWhf1j3LD1e1xm2RSBlO4BTOwYNraMA9NKEFDCQ8wyu8Oei8OO/Ox6K15BQzx/BHzucP2JCQRg==</latexit><latexit sha1_base64="AIQk30qVYiadSjNGgKvGbRmY6nI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8CAlEUGPRS8eK9g20Iay2W7apbtJ2J0IpfRPeFQv4tW/48F/46bNQVtfWHh4Z4adecNUCoOu++2U1tY3NrfK25Wd3b39g+rhUdskmWa8xRKZaD+khksR8xYKlNxPNacqlLwTju/yeueJayOS+BEnKQ8UHcYiEoyitfxeqIjfZ5V+tebW3bnIKngF1KBQs1/96g0SlikeI5PUmK7nphhMqUbBJJ9VepnhKWVjOuRdizFV3ATT+b4zcmadAYkSbV+MZO7+nphSZcxEhRehss2K4sgsl3Pzv1o3w+gmmIo4zZDHbPFXlEmCCcnvJwOhOUM5sUCZFnZdwkZUU4Y2pTwHb/nqVWhf1j3LD1e1xm2RSBlO4BTOwYNraMA9NKEFDCQ8wyu8Oei8OO/Ox6K15BQzx/BHzucP2JCQRg==</latexit><latexit sha1_base64="AIQk30qVYiadSjNGgKvGbRmY6nI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8CAlEUGPRS8eK9g20Iay2W7apbtJ2J0IpfRPeFQv4tW/48F/46bNQVtfWHh4Z4adecNUCoOu++2U1tY3NrfK25Wd3b39g+rhUdskmWa8xRKZaD+khksR8xYKlNxPNacqlLwTju/yeueJayOS+BEnKQ8UHcYiEoyitfxeqIjfZ5V+tebW3bnIKngF1KBQs1/96g0SlikeI5PUmK7nphhMqUbBJJ9VepnhKWVjOuRdizFV3ATT+b4zcmadAYkSbV+MZO7+nphSZcxEhRehss2K4sgsl3Pzv1o3w+gmmIo4zZDHbPFXlEmCCcnvJwOhOUM5sUCZFnZdwkZUU4Y2pTwHb/nqVWhf1j3LD1e1xm2RSBlO4BTOwYNraMA9NKEFDCQ8wyu8Oei8OO/Ox6K15BQzx/BHzucP2JCQRg==</latexit><latexit sha1_base64="AIQk30qVYiadSjNGgKvGbRmY6nI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8CAlEUGPRS8eK9g20Iay2W7apbtJ2J0IpfRPeFQv4tW/48F/46bNQVtfWHh4Z4adecNUCoOu++2U1tY3NrfK25Wd3b39g+rhUdskmWa8xRKZaD+khksR8xYKlNxPNacqlLwTju/yeueJayOS+BEnKQ8UHcYiEoyitfxeqIjfZ5V+tebW3bnIKngF1KBQs1/96g0SlikeI5PUmK7nphhMqUbBJJ9VepnhKWVjOuRdizFV3ATT+b4zcmadAYkSbV+MZO7+nphSZcxEhRehss2K4sgsl3Pzv1o3w+gmmIo4zZDHbPFXlEmCCcnvJwOhOUM5sUCZFnZdwkZUU4Y2pTwHb/nqVWhf1j3LD1e1xm2RSBlO4BTOwYNraMA9NKEFDCQ8wyu8Oei8OO/Ox6K15BQzx/BHzucP2JCQRg==</latexit>

Rouse, J. Chem. Phys. (1953)

N beads

xμ

Xc − xμ



Elastic coefficient 

                                                               (Hooke) 

            (FENE) 

                  (Marko—Siggia)

fi = 1

fi =
1

1 − Q2
i /ℓ2

, Qi = |xi+1 − xi |

fi =
2
3

−
ℓ

6Qi
+

ℓ
6Qi(1 − Qi /ℓ)2

Polymer models: The bead–spring chain

Forces  on the i-th bead  

 1. Stokes drag:      

 2. Thermal noise:  with   independent white noises 

 3. Elastic force:     

Fd
i = − ζ[ ·xi − u(xi, t)]

FB
i = 2KBT/ζ ξi(t) ξi(t)

Fel
i = k fi (xi+1 − xi) + k fi−1 (xi−1 − xi)

Assumptions 

  Negligible hydrodynamic and excluded-volume interactions 

  Negligible inertia:   and hence  

  Linear velocity field:  

m ··xi = 0 Fd
i + Fel

i + FB
i = 0

u(xi+1) − u(xi) = ∇u ⋅ (xi+1 − xi)

Xc
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Polymer models: The bead–spring chain

dXc

dt
= u(Xc, t) +

1
N

R2
eq

6τ

N

∑
i=1

ξi(t)

dQi

dt
= ∇u ⋅ Qi −

1
4τ

(2 fi Qi − fi+1 Qi+1 − fi−1 Qi−1) +
R2

eq

6τ
[ξi+1(t) − ξi(t)], τ = 4k /ζ

Xc
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Polymer models: The bead–spring chain

dXc

dt
= u(Xc, t) +

1
N

R2
eq

6τ

N

∑
i=1

ξi(t)

dQi

dt
= ∇u ⋅ Qi −

1
4τ

(2 fi Qi − fi+1 Qi+1 − fi−1 Qi−1) +
R2

eq

6τ
[ξi+1(t) − ξi(t)], τ = 4k /ζ

τchain =
6τ

N(N + 1)

L = ℓ(N − 1)
Xc
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Polymer models: The bead–spring chain

dXc

dt
= u(Xc, t) +

1
N

R2
eq

6τ

N

∑
i=1

ξi(t)

dQi

dt
= ∇u ⋅ Qi −

1
4τ

(2 fi Qi − fi+1 Qi+1 − fi−1 Qi−1) +
R2

eq

6τ
[ξi+1(t) − ξi(t)], τ = 4k /ζ

Doi & Edwards, The Theory of Polymer Dynamics (Oxford University Press, 1986) 
Bird, Curtiss, Armstrong & Hassager, Dynamics of Polymeric Liquids, Vol. 2 (Wiley, 1987) 
Öttinger, Stochastic Processes in Polymeric Fluids (Springer, 1996) 
Graham, Microhydrodynamics, Brownian Motion, and Complex Fluids (Cambridge University Press, 2018)

τchain =
6τ

N(N + 1)

L = ℓ(N − 1)
Xc
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Polymer models: The dumbbell model (N = 2)

R

∂ψ
∂t

= −
∂

∂Ri {[∂jui Rj −
f(R)
2τ

Ri]ψ} +
R2

eq

6τ
∂2ψ

∂Ri∂Ri

Associated Fokker–Planck equation for the PDF of R:    ψ(R, t)

Continuum models of polymer solutions (Oldroyd-B, FENE-P, …)

𝗖 = ⟨R ⊗ R⟩ξPolymer conformation tensor

dR
dt

= ∇u ⋅ R −
f(R)
2τ

R +
R2

eq

3τ
ξ(t)

Xc
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R



Coil-stretch transition in an extensional flow

u = γ(−x, y), Wi = γτ

dR
dt

= ∇u ⋅ R −
f(R)
2τ

R +
R2

eq

3τ
ξ(t)

R ∼ Ry ∼ R0 e(Wi−Wicrit) t/τ, Wicrit = 1/2

P.-G. De Gennes, J. Chem. Phys. (1974); E.J. Hinch, Colloques Internationaux du CNRS (1975)

·Rx = − (γ +
1
2τ )Rx

·Ry = − (γ −
1
2τ )Ry

2D extensional flow

x

y

Wi > Wic

Neglect the noise and consider linear elasticity:



Coil-stretch transition in an extensional flow
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FENE model (nonlinear elasticity) Fel =
R

1 − R2/L2

ψst(R) ∝ e−3Φ/R2
eq e3τ R−2

eq (∇u:RR) Fel = − ∇Φ with

If  is steady, potential, and :u ∇u = (∇u)⊤



Coil-stretch transition in an extensional flow

Perkins, Smith & Chu, Science (1997)
Smith, Babcock & Chu, Science (1999)
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Hysteresis

Schroeder, Babcock, Shaqfeh & Chu, Science (2003)
γτ

Escherichia Coli DNA (L = 1.3mm)

ζcoil ∝ ηReq

ζstretch ∝
ηL

ln(L /d)

η solvent viscosity; d polymer diameter 

Escherichia Coli DNA: ζstretch /ζcoil ≈ 5

Conformation dependent drag coefficient
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ψst(R) ∝ e−E(R)/KBT
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γτ

Escherichia Coli DNA (L = 1.3mm)

ζcoil ∝ ηReq

ζstretch ∝
ηL

ln(L /d)

η solvent viscosity; d polymer diameter 

Escherichia Coli DNA: ζstretch /ζcoil ≈ 5

Conformation dependent drag coefficient

Schroeder, Shaqfeh & Chu  
Macromolecules (2004)

ψst(R) ∝ e−E(R)/KBT
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τGerashchenko & Steinberg, 

Phys. Rev. E (2008)

  T4 DNA, L = 67µm, ∎
ζs /ζc = 2.1

T4 DNA

 λ DNA, L = 21µm, ∙
ζs /ζc = 1.6 λ DNA

Critical slowing down



Single polymer dynamics in laminar flows
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Turbulent flows
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⟨R2⟩ ∝ exp{(2⟨S2⟩TL −
1
τ )t}

 mean-square strain rate  
 Lagrangian correlation time scale of the strain rate

⟨S2⟩
TL

“If the mean-square strain rate exceeds a critical value related to the inverse of the terminal relaxation time but 
weighted by the persistence of the fluctuating strain rate regions, then the molecules begin to expand 
exponentially. The expansion of an individual molecule is, of course, not steady; as it moves from region to 
region, it will first expand, then shrink, etc.; however, when the criterion is exceeded, the expansion will win out, 
and it will gradually expand more and more.” 



Stretching in turbulent flows

ℓ(0)

ℓ(t)

λ = lim
t→∞

1
t ⟨ln [ ℓ(t)

ℓ(0) ]⟩Lyapunov exponent



Stretching in turbulent flows
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ℓ(t)

λ = lim
t→∞

1
t ⟨ln [ ℓ(t)

ℓ(0) ]⟩Lyapunov exponent

ℒ(q) = lim
t→∞

1
t

ln ⟨[ ℓ(t)
ℓ(0) ]

q

⟩
The function  is convex and  

satisfies  and 
ℒ(q)

ℒ(−d) = 0 ℒ′ (0) = λ

−d q

ℒ(q)

Generalized Lyapunov exponents
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Cecconi, Cencini & Vulpiani, Chaos: from Simple Models to Complex Systems (World Scientific, 2010)

λq

If the PDF of  is log-normal 
, 

where  is the variance of 

ℓ(t)
ℒ(q) = λq + μq2

μ ln ℓ(t)
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Large deviations theory
Balkovsky, Fouxon & Lebedev, Phys. Rev. Lett. (2000) 
[here we use the formalism of Boffetta, Celani & Musacchio, Phys. Rev. Lett. (2003)]

Pst(R) ∼ R−1−α for Req ≪ R ≪ L
ℒ(α)

λ
=

α
2Wi

, Wi = λτ

−d α

ℒ(α)/λ

α /2Wi

−d α

ℒ(α)/λ

α /2Wi

−d α

ℒ(α)/λ

α /2Wi

Wi < 1/2 → α > 0 Wi = 1/2 → α = 0 Wi > 1/2 → α < 0

For  and , the PDF of R ceases to be normalisable      Coil—stretch transition at Wi = 1/2 L → ∞ ⟹ Wicrit = 1/2

Near  the log-normal approximation  yields Wicrit ℒ(q) = λq + μq2 + O(q3) α =
λ
μ ( 1

Wi
− 2)
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Musacchio & DV, J. Fluid Mech. (2011) 

2D random renewing flow 
Ku = λTcorr

α0 = α(Ku = 0)

Chertkov, Phys. Rev. Lett. (2000) 
Thiffeault, Phys. Lett. A (2003) 

Celani, Musacchio & DV, J. Stat. Phys. (2005) 
Celani, Puliafito & DV, Phys. Rev. Lett.  (2006) 

Plan, Ali & DV, Phys. Rev. E (2016)

Polymers in the  
Batchelor—Kraichnan flow
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α = -5.0

Effect of internal viscosity

−d α

ℒ(α)/λ

α /2Wi

Wi > 1/2 → α < 0

Experiment at large Wi:
Pst(R) ∼ R4

Pst(R) ∼ R−1−α (Req ≪ R ≪ L)

lim
Wi→∞

α = − d

At large Wi: Pst(R) ∼ Rd−1

Theory
ℒ(α)

λ
=

α
2Wi

Liu & Steinberg, Macromol. Symp. (2014)
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λ

ℒ( αϵ

1 + ϵ ) =
αϵ

2(1 + ϵ)Wi

αϵ = α(1 + ϵ)

For ϵ = 2/3, Pst(R) ∼ R4

DV, Soft Matter (2021) 

At large Wi: Pst(R) ∼ Rd(1+ϵ)−1

Liu & Steinberg, Macromol. Symp. (2014)



Temporal dynamics – Relaxation to steady state

dR
dt

= ∇u ⋅ R −
f (R)

2τ ν(R)
R +

R2
eq

τ
ξ(t)

τ = ζc /4k, ν(R) = 1 + (ζs /ζc − 1)R /L

Conformation-dependent drag (Hinch, 1975)ζcoil ∝ ηReq

ζstretch ∝
ηL

ln(L /d)

η solvent viscosity; d polymer diameter 

Celani, Puliafito & DV, Phys. Rev. Lett. (2006) 
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∂tP = − ∂R[D1(R)P] + ∂2
R[D2(R)P] P(R, t) = Pst(R) +

∞

∑
n=1

anpn(r) e−σnt

 are the eigenfunctions of the FP operator and   the associated eigenvaluespn(r) σn (σn < σn+1)

Teq = σ−1
1

Batchelor—Kraichan flow

Expansion into  
eigenfunctions 

of the FP operator

Celani, Puliafito & DV, Phys. Rev. Lett. (2006) 
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Temporal dynamics – Relaxation to steady state

Celani, Puliafito & DV, Phys. Rev. Lett. (2006) 

T e
q/

τ

T m
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/τ

stochastic flow with nonzero 
correlation time

T e
q/

τ

Batchelor—Kraichnan flow

Pst(R) ∝ e−E(R)/KBT

• The slowing down of the dynamics is due to the 
heterogeneity of configurations near the CS transition 

• No hysteresis is observed

Wi = 0.33

0.38
0.43

0.28

R



Validity of the dumbbell model

Parameter mapping (Jin & Collins, New J. Phys., 2007)
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N  number of beads

DNS of 3D isotropic turbulence at Rλ = 65



Validity of the dumbbell model

Parameter mapping (Jin & Collins, New J. Phys., 2007)

L2
chain =

L2
dumb

N − 1
τchain =

6τdumb

N(N + 1)

N  number of beads

DNS of 3D isotropic turbulence at Rλ = 65



Validity of the dumbbell model

Parameter mapping (Jin & Collins, New J. Phys., 2007)

Comparison between a chain (N=20, red curves) and a dumbbell (N=2)

(Watanabe & Gotoh, Phys. Rev. E, 2010)

Lagrangian simulation in 3D isotropic turbulence at  with 256 polymersRλ = 47
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Breakup statistics

DV, Watanabe, Ray, Picardo, J. Fluid Mech. (2021) 

When the tension in one of the elastic links exceeds a critical value, the link breaks

|Fel
i | =

Ri

1 − R2
i /ℓ2

⩾ ℱbreak equivalent to: Ri ⩾ Rbreak

Req ⩽ R0 ⩽ Rbreak ⩽ L ⩽ ηK R0 = R(0)
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When the tension in one of the elastic links exceeds a critical value, the link breaks

|Fel
i | =

Ri

1 − R2
i /ℓ2

⩾ ℱbreak equivalent to: Ri ⩾ Rbreak

P(Rbreak, t) = 0

Dumbbell model in the Batchelor–Kraichnan flow

reflecting at the origin: −D1P + ∂R(D2P) at R = 0
Boundary conditions

absorbing at the breakup length:

Initial condition

monodisperse: P(R,0) = δ(R0,0)

∂tP = − ∂R(D1P) + ∂2
R(D2P) pdf of the extension:P(R, t)

D1(R) =
2(d + 1)

d
Wi R − f (R)R + (d − 1)

R2
eq

R

D2(R) =
2Wi

d
+ R2

eq

Req ⩽ R0 ⩽ Rbreak ⩽ L ⩽ ηK R0 = R(0)



Breakup: Decay of the number of unbroken polymers

DV, Watanabe, Ray, Picardo, J. Fluid Mech. (2021) 

Np(t)
Np(0)

= ∫
Rbreak

0
P(R, t) dt ∼ e−t/Td

 is the inverse of the smallest positive eigenvalue  
of the FP operator with the above b.c.

Td

Fraction of polymers surviving at time t

Lagrangian simulations  
in a periodic cube at  

 polymeric chains  
with  beads each

Rλ ≈ 110

Np(0) = 9 × 105

𝒩 = 10



Breakup: Time integrated PDF of the extension

̂P(R) = ∫
∞

0
P(R, t) dt

−D1
̂P +

d
dR

(D2
̂P) = {1 if 0 ⩽ R ⩽ R0

0 if R0 ⩽ R ⩽ Rbreak

̂P(R) ∼

Rd−1 if 0 ⩽ R ⩽ Req

R−1−α if Req ⩽ R ⩽ R0

R−1−β if R0 ⩽ R ⩽ Rbreak

β = {α if Wi ⩽ Wicr

0 if Wi > Wicr

∂tP = − ∂R(D1P) + ∂2
R(D2P)

Time integrated PDF of the extension  
for unbroken polymers

DV, Watanabe, Ray, Picardo, J. Fluid Mech. (2021) 

Monodisperse i.c. P(R,0) = δ(R0,0)



Breakup: Average breakup time

DV, Watanabe, Ray, Picardo, J. Fluid Mech. (2021) 

 time it takes for a polymer to break in a given realisation of the flow and of thermal noiseTsc

F(t) = Prob{Tsc ⩾ t} = ∫
Rbreak

0
P(R, t) dt

⟨Tsc⟩ = − ∫
∞

0
t ∂tF dt = ∫

∞

0
F(t) dt = ∫

∞

0
dt∫

Rbreak

0
dR P(R, t) = ∫

Rbreak

0

̂P(R) dR

λ⟨Tsc⟩ ∼
( Rbreak

R0
)

β
if Wi ⩽ Wicr

ln( Rbreak

R0
) if Wi > Wicr

Rbreak /R0



Stretching beyond the Kolmogorov scale
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τ
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x2
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R

 and Req ≪ ηK ηK ≪ L

De Lucia, Mazzino & Vulpiani, EPL (2002) 
Davoudi & Schumacher, Phys. Fluids (2006)
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Stretching beyond the Kolmogorov scale

P(R) ∼

Rd−1 0 ⩽ R ≪ Req

R−1−α Req ≪ R ≪ ηK

Rd−1 exp{ −
aγ

Wi ( R
ηK )

2−γ

} ηK ≪ R ≪ L

Lumley scale R⋆ ∼ ηK Wi1/(2−γ)

Ahmad & DV, Phys. Rev. E (2016) 

• The stretched state emerges through the shift of the maximum of the PDF, i.e.  
• There is no coil—stretch transition in this case 

R⋆

γ = 4/3, Req = 0.1, ηK = 1, L = 103

Wi = 2.75

5.0
7.0

14.5 30 60



dXc

dt
=

1
N

N

∑
i=1

u(xi, t) +
1
N

R2
eq

6τ

N

∑
i=1

ξi(t)

Lmax = (N � 1)Qmax > `f
<latexit sha1_base64="IP9ooOsX/RDoJUpvCeQpl/O8zkw=">AAACF3icbZDLSsQwFIZPvTveqi7dBEUY8ULrRjeK6MaFiIIzI0xLSTOpBpO0JKk4lD6ES3e+hUt1I25duPBtzMwI6ugPgZ/vnMPJ+eOMM20878MZGBwaHhkdG69MTE5Nz7izc3Wd5orQGkl5qs5jrClnktYMM5yeZ4piEXPaiK8OOvXGNVWapfLMtDMaCnwhWcIINhZF7upRVARKIIFvyp3q8bq/cvoN0C4KKOc9kJSRu+RteF2hv8b/Mkt7i8HqPQCcRO570EpJLqg0hGOtm76XmbDAyjDCaVkJck0zTK7wBW1aK7GgOiy6R5Vo2ZIWSlJlnzSoS39OFFho3RbxWixss8DmUveXO/C/WjM3yXZYMJnlhkrS25XkHJkUdUJCLaYoMbxtDSaK2e8icokVJsZGWbE5+P1X/zX1zQ3f+lMbyD70NAYLsAhV8GEL9uAQTqAGBG7hAZ7g2blzHp0X57XXOuB8zczDLzlvn8urn+E=</latexit><latexit sha1_base64="c5D6eOJOTF+EFE0lB1ITU0QaSgE=">AAACF3icbZDLSgMxFIYz9VbrrerSTWgRKtUy40Y3StGNC5EW7AU6w5BJM21oMjMkGbEMfQjBjU/iUt2IWxcu+jamF1Bbfwj8fOccTs7vRYxKZZpDI7WwuLS8kl7NrK1vbG5lt3fqMowFJjUcslA0PSQJowGpKaoYaUaCIO4x0vB6l6N6444IScPgVvUj4nDUCahPMVIaudnitZvYgkOO7gdnhZsj66D6A+A5tAljE+AP3GzeLJljwXljTU2+nLOLj8Nyv+Jmv+x2iGNOAoUZkrJlmZFyEiQUxYwMMnYsSYRwD3VIS9sAcSKdZHzUAO5r0oZ+KPQLFBzT3xMJ4lL2uXfocd3MkerK2fII/ldrxco/dRIaRLEiAZ7s8mMGVQhHIcE2FQQr1tcGYUH1dyHuIoGw0lFmdA7W7NXzpn5csrSv6kAuwERpsAdyoAAscALK4ApUQA1g8ACewSt4M56MF+Pd+Ji0pozpzC74I+PzG9mnoWc=</latexit><latexit sha1_base64="c5D6eOJOTF+EFE0lB1ITU0QaSgE=">AAACF3icbZDLSgMxFIYz9VbrrerSTWgRKtUy40Y3StGNC5EW7AU6w5BJM21oMjMkGbEMfQjBjU/iUt2IWxcu+jamF1Bbfwj8fOccTs7vRYxKZZpDI7WwuLS8kl7NrK1vbG5lt3fqMowFJjUcslA0PSQJowGpKaoYaUaCIO4x0vB6l6N6444IScPgVvUj4nDUCahPMVIaudnitZvYgkOO7gdnhZsj66D6A+A5tAljE+AP3GzeLJljwXljTU2+nLOLj8Nyv+Jmv+x2iGNOAoUZkrJlmZFyEiQUxYwMMnYsSYRwD3VIS9sAcSKdZHzUAO5r0oZ+KPQLFBzT3xMJ4lL2uXfocd3MkerK2fII/ldrxco/dRIaRLEiAZ7s8mMGVQhHIcE2FQQr1tcGYUH1dyHuIoGw0lFmdA7W7NXzpn5csrSv6kAuwERpsAdyoAAscALK4ApUQA1g8ACewSt4M56MF+Pd+Ji0pozpzC74I+PzG9mnoWc=</latexit><latexit sha1_base64="DiuEdL0Jyt7NUIQ9iJjDVLxO57s=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARKmpJ3OhGKbpxIdKCvUATymQ6aYfOJGFmIpaQh3Dpk7hUN+LWhQvfxmkbUFt/GPj5zjmcOb8XMSqVZX0Zubn5hcWl/HJhZXVtfcPc3GrIMBaY1HHIQtHykCSMBqSuqGKkFQmCuMdI0xtcjurNOyIkDYNbNYyIy1EvoD7FSGnUMQ+uO4kjOOToPj0r3RzZ+7UfAM+hQxibAD/tmEWrbI0FZ42dmSLIVO2Yn043xDEngcIMSdm2rUi5CRKKYkbSghNLEiE8QD3S1jZAnEg3GR+Vwj1NutAPhX6BgmP6eyJBXMoh9w49rps5Un05XR7B/2rtWPmnbkKDKFYkwJNdfsygCuEoJNilgmDFhtogLKj+LsR9JBBWOsqCzsGevnrWNI7LtvY1q1i5yBLJgx2wC0rABiegAq5AFdQBBg/gCbyAV+PReDbejPdJa87IZrbBHxkf37SRnlg=</latexit>

`f
<latexit sha1_base64="0GWDpdQP6eGnbiAkzbSjF+l5yTc=">AAAB9nicbZC7SgNBFIbPxluMt6hgYzMYBAsJuzZaBm0sEzAXyIY4OzmbDJnZXWZmxbDkNSzVRmx9GQsbn8XJpdDEHwY+/nMO58wfJIJr47pfTm5ldW19I79Z2Nre2d0r7h80dJwqhnUWi1i1AqpR8AjrhhuBrUQhlYHAZjC8mdSbD6g0j6M7M0qwI2k/4iFn1FjL91GIbuYrScJxt1hyy+5UZBm8OZQqR7XvewCodouffi9mqcTIMEG1bntuYjoZVYYzgeOCn2pMKBvSPrYtRlSi7mTTm8fk1Do9EsbKvsiQqft7IqNS65EMzgNpmyU1A71Ynpj/1dqpCa86GY+S1GDEZrvCVBATk0kGpMcVMiNGFihT3J5L2IAqyoxNqmBz8BZ/vQyNi7JnuWYDuYaZ8nAMJ3AGHlxCBW6hCnVgkMATvMCr8+g8O2/O+6w158xnDuGPnI8fgwSUkQ==</latexit><latexit sha1_base64="nAgfgJ1sTL0g4Gys5C/0hh83Ehs=">AAAB9nicbZDLSgMxFIYz9VbrrSq4cRMsggspM250WerGZQv2Ap2hZNIzbWiSGZKMWIa+hkt1I64EH8JXcOHGZzG9LLT1h8DHf87hnPxhwpk2rvvl5FZW19Y38puFre2d3b3i/kFTx6mi0KAxj1U7JBo4k9AwzHBoJwqICDm0wuH1pN66A6VZLG/NKIFAkL5kEaPEWMv3gfNu5iuBo3G3WHLL7lR4Gbw5lCpH9W/2Vv2odYuffi+mqQBpKCdadzw3MUFGlGGUw7jgpxoSQoekDx2LkgjQQTa9eYxPrdPDUazskwZP3d8TGRFaj0R4HgrbLIgZ6MXyxPyv1klNdBVkTCapAUlnu6KUYxPjSQa4xxRQw0cWCFXMnovpgChCjU2qYHPwFn+9DM2Lsme5bgOpopny6BidoDPkoUtUQTeohhqIogQ9oCf07Nw7j86L8zprzTnzmUP0R877D9l5lk0=</latexit><latexit sha1_base64="nAgfgJ1sTL0g4Gys5C/0hh83Ehs=">AAAB9nicbZDLSgMxFIYz9VbrrSq4cRMsggspM250WerGZQv2Ap2hZNIzbWiSGZKMWIa+hkt1I64EH8JXcOHGZzG9LLT1h8DHf87hnPxhwpk2rvvl5FZW19Y38puFre2d3b3i/kFTx6mi0KAxj1U7JBo4k9AwzHBoJwqICDm0wuH1pN66A6VZLG/NKIFAkL5kEaPEWMv3gfNu5iuBo3G3WHLL7lR4Gbw5lCpH9W/2Vv2odYuffi+mqQBpKCdadzw3MUFGlGGUw7jgpxoSQoekDx2LkgjQQTa9eYxPrdPDUazskwZP3d8TGRFaj0R4HgrbLIgZ6MXyxPyv1klNdBVkTCapAUlnu6KUYxPjSQa4xxRQw0cWCFXMnovpgChCjU2qYHPwFn+9DM2Lsme5bgOpopny6BidoDPkoUtUQTeohhqIogQ9oCf07Nw7j86L8zprzTnzmUP0R877D9l5lk0=</latexit><latexit sha1_base64="opOFlmcP8GI96047jWOIbpOMqvM=">AAAB9nicbZBNS8NAEIYn9avWr6pHL4tF8CAl8aLHohePFewHNKFstpN26W4SdjdiCf0bHtWLePXPePDfuG1z0NYXFh7emWFm3zAVXBvX/XZKa+sbm1vl7crO7t7+QfXwqK2TTDFssUQkqhtSjYLH2DLcCOymCqkMBXbC8e2s3nlEpXkSP5hJioGkw5hHnFFjLd9HIfq5rySJpv1qza27c5FV8AqoQaFmv/rlDxKWSYwNE1TrnuemJsipMpwJnFb8TGNK2ZgOsWcxphJ1kM9vnpIz6wxIlCj7YkPm7u+JnEqtJzK8CKVtltSM9HJ5Zv5X62Umug5yHqeZwZgtdkWZICYhswzIgCtkRkwsUKa4PZewEVWUGZtUxebgLf96FdqXdc/yvVtr3BSJlOEETuEcPLiCBtxBE1rAIIVneIU358l5cd6dj0VrySlmjuGPnM8f7q6SrA==</latexit>

scale of the forcing

equilibrium length ⌧ `f
<latexit sha1_base64="M05mndt+oIc9NvIwhoYIeYYEwxs=">AAACEXicbVC7TgMxEPSFVwivA0oaiyQSBYru0kAZQUMZJPKQclHkc/YSK7bvsH1I0SlfQMmXUAINoqWm4G9wHgUkjLTSaGZXuzthwpk2nvft5NbWNza38tuFnd29/QP38Kip41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4eh66rceQGkWyzszTqAryECyiFFirNRzy3CfMs5CxVKBOciBGeJSwDkOgPNeFiiBo0mp5xa9ijcDXiX+ghTRAvWe+xX0Y5oKkIZyonXH9xLTzYgyjHKYFIJUQ0LoiAygY6kkAnQ3m70zwWWr9HEUK1vS4Jn6eyIjQuuxCM9DYZsFMUO9bE/F/7xOaqLLbsZkkhqQdL4rSjk2MZ7Gg/tMATV8bAmhitlzMR0SRaixIRZsDv7y16ukWa34fsW/rRZrV4tE8ugEnaIz5KMLVEM3qI4aiKJH9Ixe0Zvz5Lw4787HvDXnLGaO0R84nz+435zg</latexit><latexit sha1_base64="M05mndt+oIc9NvIwhoYIeYYEwxs=">AAACEXicbVC7TgMxEPSFVwivA0oaiyQSBYru0kAZQUMZJPKQclHkc/YSK7bvsH1I0SlfQMmXUAINoqWm4G9wHgUkjLTSaGZXuzthwpk2nvft5NbWNza38tuFnd29/QP38Kip41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4eh66rceQGkWyzszTqAryECyiFFirNRzy3CfMs5CxVKBOciBGeJSwDkOgPNeFiiBo0mp5xa9ijcDXiX+ghTRAvWe+xX0Y5oKkIZyonXH9xLTzYgyjHKYFIJUQ0LoiAygY6kkAnQ3m70zwWWr9HEUK1vS4Jn6eyIjQuuxCM9DYZsFMUO9bE/F/7xOaqLLbsZkkhqQdL4rSjk2MZ7Gg/tMATV8bAmhitlzMR0SRaixIRZsDv7y16ukWa34fsW/rRZrV4tE8ugEnaIz5KMLVEM3qI4aiKJH9Ixe0Zvz5Lw4787HvDXnLGaO0R84nz+435zg</latexit><latexit sha1_base64="M05mndt+oIc9NvIwhoYIeYYEwxs=">AAACEXicbVC7TgMxEPSFVwivA0oaiyQSBYru0kAZQUMZJPKQclHkc/YSK7bvsH1I0SlfQMmXUAINoqWm4G9wHgUkjLTSaGZXuzthwpk2nvft5NbWNza38tuFnd29/QP38Kip41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4eh66rceQGkWyzszTqAryECyiFFirNRzy3CfMs5CxVKBOciBGeJSwDkOgPNeFiiBo0mp5xa9ijcDXiX+ghTRAvWe+xX0Y5oKkIZyonXH9xLTzYgyjHKYFIJUQ0LoiAygY6kkAnQ3m70zwWWr9HEUK1vS4Jn6eyIjQuuxCM9DYZsFMUO9bE/F/7xOaqLLbsZkkhqQdL4rSjk2MZ7Gg/tMATV8bAmhitlzMR0SRaixIRZsDv7y16ukWa34fsW/rRZrV4tE8ugEnaIz5KMLVEM3qI4aiKJH9Ixe0Zvz5Lw4787HvDXnLGaO0R84nz+435zg</latexit><latexit sha1_base64="M05mndt+oIc9NvIwhoYIeYYEwxs=">AAACEXicbVC7TgMxEPSFVwivA0oaiyQSBYru0kAZQUMZJPKQclHkc/YSK7bvsH1I0SlfQMmXUAINoqWm4G9wHgUkjLTSaGZXuzthwpk2nvft5NbWNza38tuFnd29/QP38Kip41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4eh66rceQGkWyzszTqAryECyiFFirNRzy3CfMs5CxVKBOciBGeJSwDkOgPNeFiiBo0mp5xa9ijcDXiX+ghTRAvWe+xX0Y5oKkIZyonXH9xLTzYgyjHKYFIJUQ0LoiAygY6kkAnQ3m70zwWWr9HEUK1vS4Jn6eyIjQuuxCM9DYZsFMUO9bE/F/7xOaqLLbsZkkhqQdL4rSjk2MZ7Gg/tMATV8bAmhitlzMR0SRaixIRZsDv7y16ukWa34fsW/rRZrV4tE8ugEnaIz5KMLVEM3qI4aiKJH9Ixe0Zvz5Lw4787HvDXnLGaO0R84nz+435zg</latexit>

Elastic filaments in 2D turbulence

Xc
<latexit sha1_base64="AIQk30qVYiadSjNGgKvGbRmY6nI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8CAlEUGPRS8eK9g20Iay2W7apbtJ2J0IpfRPeFQv4tW/48F/46bNQVtfWHh4Z4adecNUCoOu++2U1tY3NrfK25Wd3b39g+rhUdskmWa8xRKZaD+khksR8xYKlNxPNacqlLwTju/yeueJayOS+BEnKQ8UHcYiEoyitfxeqIjfZ5V+tebW3bnIKngF1KBQs1/96g0SlikeI5PUmK7nphhMqUbBJJ9VepnhKWVjOuRdizFV3ATT+b4zcmadAYkSbV+MZO7+nphSZcxEhRehss2K4sgsl3Pzv1o3w+gmmIo4zZDHbPFXlEmCCcnvJwOhOUM5sUCZFnZdwkZUU4Y2pTwHb/nqVWhf1j3LD1e1xm2RSBlO4BTOwYNraMA9NKEFDCQ8wyu8Oei8OO/Ox6K15BQzx/BHzucP2JCQRg==</latexit><latexit sha1_base64="AIQk30qVYiadSjNGgKvGbRmY6nI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8CAlEUGPRS8eK9g20Iay2W7apbtJ2J0IpfRPeFQv4tW/48F/46bNQVtfWHh4Z4adecNUCoOu++2U1tY3NrfK25Wd3b39g+rhUdskmWa8xRKZaD+khksR8xYKlNxPNacqlLwTju/yeueJayOS+BEnKQ8UHcYiEoyitfxeqIjfZ5V+tebW3bnIKngF1KBQs1/96g0SlikeI5PUmK7nphhMqUbBJJ9VepnhKWVjOuRdizFV3ATT+b4zcmadAYkSbV+MZO7+nphSZcxEhRehss2K4sgsl3Pzv1o3w+gmmIo4zZDHbPFXlEmCCcnvJwOhOUM5sUCZFnZdwkZUU4Y2pTwHb/nqVWhf1j3LD1e1xm2RSBlO4BTOwYNraMA9NKEFDCQ8wyu8Oei8OO/Ox6K15BQzx/BHzucP2JCQRg==</latexit><latexit sha1_base64="AIQk30qVYiadSjNGgKvGbRmY6nI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8CAlEUGPRS8eK9g20Iay2W7apbtJ2J0IpfRPeFQv4tW/48F/46bNQVtfWHh4Z4adecNUCoOu++2U1tY3NrfK25Wd3b39g+rhUdskmWa8xRKZaD+khksR8xYKlNxPNacqlLwTju/yeueJayOS+BEnKQ8UHcYiEoyitfxeqIjfZ5V+tebW3bnIKngF1KBQs1/96g0SlikeI5PUmK7nphhMqUbBJJ9VepnhKWVjOuRdizFV3ATT+b4zcmadAYkSbV+MZO7+nphSZcxEhRehss2K4sgsl3Pzv1o3w+gmmIo4zZDHbPFXlEmCCcnvJwOhOUM5sUCZFnZdwkZUU4Y2pTwHb/nqVWhf1j3LD1e1xm2RSBlO4BTOwYNraMA9NKEFDCQ8wyu8Oei8OO/Ox6K15BQzx/BHzucP2JCQRg==</latexit><latexit sha1_base64="AIQk30qVYiadSjNGgKvGbRmY6nI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8CAlEUGPRS8eK9g20Iay2W7apbtJ2J0IpfRPeFQv4tW/48F/46bNQVtfWHh4Z4adecNUCoOu++2U1tY3NrfK25Wd3b39g+rhUdskmWa8xRKZaD+khksR8xYKlNxPNacqlLwTju/yeueJayOS+BEnKQ8UHcYiEoyitfxeqIjfZ5V+tebW3bnIKngF1KBQs1/96g0SlikeI5PUmK7nphhMqUbBJJ9VepnhKWVjOuRdizFV3ATT+b4zcmadAYkSbV+MZO7+nphSZcxEhRehss2K4sgsl3Pzv1o3w+gmmIo4zZDHbPFXlEmCCcnvJwOhOUM5sUCZFnZdwkZUU4Y2pTwHb/nqVWhf1j3LD1e1xm2RSBlO4BTOwYNraMA9NKEFDCQ8wyu8Oei8OO/Ox6K15BQzx/BHzucP2JCQRg==</latexit>

N beads

dQi

dt
= u(xi+1, t) − u(xi, t) −

1
4τ

(2 fi Qi − fi+1 Qi+1 − fi−1 Qi−1) +
R2

eq

6τ
[ξi+1(t) − ξi(t)], τ = 4k /ζ



Xc

number of beads N = 10

2D Navier–Stokes DNS on [0,2π]2, grid resolution 10242, forcing  f = –F0 kf cos(kf x)

forcing scale ℓf = 2π/kf = 2

chain length Lmax = 4

ω
Wi = 0.04 Wi = 0.9

Wi = ⌧chain/tf
<latexit sha1_base64="UY3UWTqo/g8GW1dK6z+A+ZO8kU4=">AAACCHicbZDLSgMxFIYz9VbrrerShcEiuKozIuhGKLpxWcFeoC1DJs20oUlmSM4IZejSja/ixoUibn0Ed76NmXYW2vpD4Mt/ziE5fxALbsB1v53C0vLK6lpxvbSxubW9U97da5oo0ZQ1aCQi3Q6IYYIr1gAOgrVjzYgMBGsFo5us3npg2vBI3cM4Zj1JBoqHnBKwll8+TLta4haf4CvcBZL40zsdEq4mp+CHfrniVt2p8CJ4OVRQrrpf/ur2I5pIpoAKYkzHc2PopUQDp4JNSt3EsJjQERmwjkVFJDO9dLrIBB9bp4/DSNujAE/d3xMpkcaMZWA7JYGhma9l5n+1TgLhZS/lKk6AKTp7KEwEhghnqeA+14yCGFsgVHP71ywDTSjY7Eo2BG9+5UVonlU9y3fnldp1HkcRHaAjdII8dIFq6BbVUQNR9Iie0St6c56cF+fd+Zi1Fpx8Zh/9kfP5A9HVmTQ=</latexit><latexit sha1_base64="UY3UWTqo/g8GW1dK6z+A+ZO8kU4=">AAACCHicbZDLSgMxFIYz9VbrrerShcEiuKozIuhGKLpxWcFeoC1DJs20oUlmSM4IZejSja/ixoUibn0Ed76NmXYW2vpD4Mt/ziE5fxALbsB1v53C0vLK6lpxvbSxubW9U97da5oo0ZQ1aCQi3Q6IYYIr1gAOgrVjzYgMBGsFo5us3npg2vBI3cM4Zj1JBoqHnBKwll8+TLta4haf4CvcBZL40zsdEq4mp+CHfrniVt2p8CJ4OVRQrrpf/ur2I5pIpoAKYkzHc2PopUQDp4JNSt3EsJjQERmwjkVFJDO9dLrIBB9bp4/DSNujAE/d3xMpkcaMZWA7JYGhma9l5n+1TgLhZS/lKk6AKTp7KEwEhghnqeA+14yCGFsgVHP71ywDTSjY7Eo2BG9+5UVonlU9y3fnldp1HkcRHaAjdII8dIFq6BbVUQNR9Iie0St6c56cF+fd+Zi1Fpx8Zh/9kfP5A9HVmTQ=</latexit><latexit sha1_base64="UY3UWTqo/g8GW1dK6z+A+ZO8kU4=">AAACCHicbZDLSgMxFIYz9VbrrerShcEiuKozIuhGKLpxWcFeoC1DJs20oUlmSM4IZejSja/ixoUibn0Ed76NmXYW2vpD4Mt/ziE5fxALbsB1v53C0vLK6lpxvbSxubW9U97da5oo0ZQ1aCQi3Q6IYYIr1gAOgrVjzYgMBGsFo5us3npg2vBI3cM4Zj1JBoqHnBKwll8+TLta4haf4CvcBZL40zsdEq4mp+CHfrniVt2p8CJ4OVRQrrpf/ur2I5pIpoAKYkzHc2PopUQDp4JNSt3EsJjQERmwjkVFJDO9dLrIBB9bp4/DSNujAE/d3xMpkcaMZWA7JYGhma9l5n+1TgLhZS/lKk6AKTp7KEwEhghnqeA+14yCGFsgVHP71ywDTSjY7Eo2BG9+5UVonlU9y3fnldp1HkcRHaAjdII8dIFq6BbVUQNR9Iie0St6c56cF+fd+Zi1Fpx8Zh/9kfP5A9HVmTQ=</latexit><latexit sha1_base64="UY3UWTqo/g8GW1dK6z+A+ZO8kU4=">AAACCHicbZDLSgMxFIYz9VbrrerShcEiuKozIuhGKLpxWcFeoC1DJs20oUlmSM4IZejSja/ixoUibn0Ed76NmXYW2vpD4Mt/ziE5fxALbsB1v53C0vLK6lpxvbSxubW9U97da5oo0ZQ1aCQi3Q6IYYIr1gAOgrVjzYgMBGsFo5us3npg2vBI3cM4Zj1JBoqHnBKwll8+TLta4haf4CvcBZL40zsdEq4mp+CHfrniVt2p8CJ4OVRQrrpf/ur2I5pIpoAKYkzHc2PopUQDp4JNSt3EsJjQERmwjkVFJDO9dLrIBB9bp4/DSNujAE/d3xMpkcaMZWA7JYGhma9l5n+1TgLhZS/lKk6AKTp7KEwEhghnqeA+14yCGFsgVHP71ywDTSjY7Eo2BG9+5UVonlU9y3fnldp1HkcRHaAjdII8dIFq6BbVUQNR9Iie0St6c56cF+fd+Zi1Fpx8Zh/9kfP5A9HVmTQ=</latexit>

tf = `f/
p
2E
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Weissenberg number: (E mean kinetic energy)with

Picardo, DV, Pal & Ray, Phys. Rev. Lett (2018) 

Preferential sampling of vortices
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strain rate

PDF of Λ PDF of chain extension

Picardo, DV, Pal & Ray, Phys. Rev. Lett (2018) 

Okubo—Weiss parameter
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Selection of vortical regions
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Selection of vortical regions

Inextensible filaments
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Selection of vortical regions

Inextensible filaments
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Selection of vortical regions

3D turbulence

• The preferential sampling of vortices persists, 
     but is much weaker 
• The mechanism is the alignment of the filament  
    the with axis of the vortices

Inextensible filaments



Perspectives

From mesoscopic models of polymer molecules 
to macroscopic models of polymer solutions: 

How to include the knowledge on the coil—
stretch transition into continuum models 

of polymer solutions?

Groisman & Steinberg, Nature (2000, 2001) 
Steinberg, Annu. Rev. Fluid Mech. (2021)

Elastic turbulence (small Re)Turbulent drag reduction (high Re)

White & Mungal, Annu. Rev. Fluid Mech. (2008) 
Graham, Phys. Fluids (2014)


