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• Multiphase, multicomponent (salt, water)  
 flow with phase transition 

• Multi-way coupling and memory effects

• Mathematically: “Stefan problem”:      
What is the evolution of the boundary 
between two phases during phase transition?
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Ice melting as complex, multi-scale, multi-physics phenomenon

T = temperature

S = salinity
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Relevance of Stefan problem on large scales: buoyancy driven flow
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 Melting in geophysical context
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Subglacial plumes majorly contribute to 
basal glacier melting

adapted from I. J. Hewitt, Subglacial plumes, 
Annu. Rev. Fluid Mech. 52, 145 (2020). 



Antarctic sea ice



Antarctic sea ice



Antarctic sea ice
10x UK



Abyssal ocean overturning slowdown and warming driven by Antarctic meltwater

Li, England, Hogg, Rintoul, Morrison, Nature 615, 841 (2023) 
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Melting on smaller scale: Melt ponds:  

~35-60 W/m2

~160 W/m2

Popović, et al., Phys. Rev. Lett. 2018

Essential for radiative heat balance of earth (lowers albedo) 
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Mechanism: Convection in melt ponds
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Latent thermal energy storage: 
Phase change materials

Podara et al., Appl. Sci. 11, 1490 (2021) 
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Urgency: Climate & global warming !
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Urgency: Climate & global warming !

Urgency: Energy transition !
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Objective of research line
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• Quantitative understanding of melting & dissolution processes in multicomponent, 
multiphase systems, across all scales and on a fundamental level

• Perform controlled experiments & numerical simulations for idealized setups on various 
length scales

• Allow for a one-to-one comparison between experiments and numerics/theory

• Local measurements of velocity, salt concentration, and temperature and connect them 
to global transport processes, to arrive at a fundamental understanding of such Stefan 
problems in multicomponent systems 
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Cast the melting problem into 
Rayleigh-Bénard geometry!



“Drosophila” of Physics of Fluids

g

Rayleigh-Bénard:             Taylor-Couette:

-- closed systems -- global balances -- mathematically well defined

Heat transfer Angular velocity transfer
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Global response of the system

Nu (Ra, Pr, Γ) ? 

Re (Ra, Pr, Γ) ?

Nu = dimensionless heat transfer = J/Jconductive 

Re = dimensionless turbulence intensity



Turbulent Rayleigh-Bénard flow
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Cast the melting problem into 
Rayleigh-Bénard geometry!

S. H. Davis, U. Müller, C. Dietsche, JFM 144, 133 (1984)

but in these papers: Ra <  106

C. Dietsche, U. Müller, JFM 161, 249 (1985)
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How to achieve very large Ra in numerics?
• DNS, 2nd order finite difference method 
• no turbulence modelling!   
• Massive parallelization (104 cores!) 

• petaflop computing 
• extremely efficient Poisson solver 
• scalar lives on finer grid to achieve large Pr or Sc 
• GPU version available 
• coupled to Immersed Boundary Method (IBM)
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Advanced Finite Difference
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2D DNS: Ra=1014 at Pr=1

E. van der Poel et al. Computers & Fluids 116 (2015) 10–16 
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 DNS solver (AFiD)

Phase field model 
for volume fraction C

H.-R. Liu, C. S. Ng, K. L. Chong, D. Lohse & R. Verzicco,  J. Comput. Phys. 446, 110659 (2021)For details of AFiD-PFM, see:

Cahn-Hilliard equation:

q̃ = C + (1 − C)λq

ψ = C3 − 1.5C2 + 0.5C − Cn2 ∇2C

∂C
∂t

+ ∇ ⋅ (uC) =
1

Pe
∇2ψ

Chemical potential:

Material property: Cn = Cahn number

Pe = 0.9/Cn

Extend AFiD to multi-phase flow: Phase Field Method

surface 
forces

buoyancy



Phase field method in RB context 

37

Melting process in RB convection

B. Favier, J. Purseed, L. Duchemin, 
Rayleigh-Bénard convection with a melting boundary,  
J. Fluid Mech. 858, 437 (2019).

(relatively small Ra)

Melting process in turbulent shear flow

L. A. Couston, E. Hester, B. Favier, J. R. Taylor, P. R. Holland, A. Jenkins, 
Topography generation by melting and freezing in a turbulent shear flow, 
J. Fluid Mech. 911, A44 (2021).
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Tmax = 4oC
q = 1.895

Water density anomaly:
ρw = ρ0(1 − β* |T − Tmax |q )

+ |θ − θmax |q δiz

Extend AFiD to include density anomaly
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Further extend AFiD to include latent heat
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~35-60 W/m2

~160 W/m2

I. Bistability in radiatively heated melt ponds 

Yang, Howland, Liu, Verzicco, Lohse, Phys. Rev. Lett. 131, 234002  (2023)  



Convection in melt ponds

Under what conditions do these melt ponds form?



Flow structure
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Ice

Water hi

Ice

Water hi

Key question:  
Under what conditions do melt ponds form?

Vary:    &   hi Ra ∼ I0

 Ra ∼ I0



Skyllingstad, 2007

Fr(z) = I0 Σm=1,2,3,4 Pm(1 − e−Kmz)

Heat absorption:

Modeling of solar radiation profile according to Lambert-Beer

[m−1]
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Governing equations: Boussinesq + phase field method

Heat source term
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Heat flux balance at the ice-water interface:

radiation heat conduction 
through ice

—> solve for h0 (equilibrium thickness of melt pond)
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Water hiz
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 - initial depthhi
 - final depthh0
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Test equilibrium by dynamical simulations:

Stable branch

Unstable branch
I0 = 35W/m2
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Phase diagram

Equilibrium data points from 
dynamical simulations exactly 
on stable equilibrium curves
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→ Raeff ∼ I0 ⋅ (h0(I0))3

Mean bulk temperature and mean flow velocity
h0(I0) = equlibrium depth from calculation

Ice

WaterH
h0

 

θ = mean bulk temperature

I0

Re = mean bulk velocity



→ Raeff ∼ I0 ⋅ (h0(I0))3

Mean bulk temperature and mean flow velocity

GL theory for internal heating1:

 


θ ∼ Ra−1/5
eff , Re ∼ Ra1/2

eff

[1] Q. Wang, D. Lohse, O. Shishkina,

Scaling in internally heated convection: a unifying theory,

Geophys. Res. Lett. 48, e2020GL091198 (2021).

—> functional dependence of mean bulk 
temperature & mean flow velocity on 
radiation strength

h0(I0) = equlibrium depth from calculation

Ice

WaterH
h0

 

θ = mean bulk temperature

I0

Re = mean bulk velocity



(a) (b)

(c) (d)

Predictions (o) vs GL theory (—)

Mean bulk temperature and mean flow velocity



Conclusions on melt ponds

• bistability

• subcritical bifurcation

• tipping point

• GL-theory predictive power 
for functional dependence of 
bulk temperature & flow 
velocity on radiation strength

Yang, Howland, Liu, Verzicco, Lohse, 

Phys. Rev. Lett. 131, 234002 (2023)  
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II. RB with fresh water at large Ra 

Yang, Howland, Liu, Verzicco, Lohse,

JFM 956, A23 (2023) 

Morphology evolution  
of a melting solid layer 
above a liquid heated 
from below 

RBice
cold

hot
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Control and response parameters

Response parameters: 

• Roughness amplitude (std): 


• Roughness wavelength: 


• Nusselt number: 

σ
Lc

Nu

Lc
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Flow & melt front structure at small Ra (in 2D RB)

• Non-uniform pattern induced by 
convection plumes underneath


• As height/time/Ra* increase, ice 
front deforms as the convection 
cells merge


• Cusp structure


• Strongest melting under 
impacting plumes
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Flow & melt front structure at small Ra (in 2D RB)

• Non-uniform pattern induced by 
convection plumes underneath


• As height/time/Ra* increase, ice 
front deforms as the convection 
cells merge


• Cusp structure


• Strongest melting under 
impacting plumes

This changes when Ra and thus Ra*  further increase!



Heating plate (T=1)

Cooling plate (T=0)Ra = 1011

*

0.3 0.7

69



Heating plate (T=1)

Cooling plate (T=0)Ra = 1011

*

0.3 0.7

69



* *

70

ejecting-plume region

Flow & melt front structure at large Ra (in 2D RB)

• As height/time/Ra* increase, 
ice front patterns in ejecting 
plume regions change from 
cusp to cellular structure           
(“2D scallops”)


• Pattern in ice is no longer 
directly coupled to pattern 
of convection rolls
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Flow & melt front structure at large Ra (in 2D RB)

• As height/time/Ra* increase, 
ice front patterns in ejecting 
plume regions change from 
cusp to cellular structure           
(“2D scallops”)


• Pattern in ice is no longer 
directly coupled to pattern 
of convection rolls
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Ra = 109, Pr = 10



side view: middle 2D slice

Evolution of flow & melt front structure (in 3D RB)
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side view: middle 2D slice

Evolution of flow & melt front structure (in 3D RB)

bottom view: interface topography

(a)

✓

0.65

0.28

.

(b) (c) (d)

(e) (f) (g)

t=400 tf t=800 tf t=1200 tf

⇠0.25 0.35 ⇠0.45 0.55 ⇠0.8 1.0

Ra = 109, Pr = 10

Length scale of structure evolves with time /with increasing Ra*
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• Non-uniform pattern induced 
by convection plumes 
underneath


• As height/time/Ra* increase, 
ice front deforms as the 
convection cells merge


• As height/time/Ra* further 
increase, ice front patterns in 
ejecting plume regions 
change from cusp to cellular 
structure (“scallops”)

Evolution of flow & melt front structure (in 3D RB)
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(e) (f) (g)

t=400 tf t=800 tf t=1200 tf

⇠0.25 0.35 ⇠0.45 0.55 ⇠0.8 1.0

Very similar evolution as in 2D:

How do these scallops compare with 
those from field measurements ?
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Scallops from field measurements vs numerical ones



75

Scallops from field measurements vs numerical ones

field 
measurements

DNS 
numerics



76

Scallops from field measurements vs numerical ones

field 
measurements

DNS 
numerics

But note:



76

Scallops from field measurements vs numerical ones

field 
measurements

DNS 
numerics

But note:

salt water fresh water



76

Scallops from field measurements vs numerical ones

field 
measurements

DNS 
numerics

But note:

salt water fresh water

So details of mechanism 
must be different
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Evolution of typical wavelength

spectral analysis:

cellular aspect ratio

Γc(t) =
λ(t)
h(t)λ(t) ∼ h(t)

h(t)/H

tim
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Lines: upper and lower bounds for rolls for smooth walls from theory:

Wang, Verzicco, Lohse, Shishkina, Phys. Rev. Lett. 125, 074501 (2020)

Aspect ratio of cellular structure & of rolls
cellular 

aspect ratio
Γc(t) =

λ(t)
h(t)

roll 

aspect ratioΓr(t) =

λroll(t)
h(t)



Wang, Verzicco, Lohse, Shishkina, Phys. Rev. Lett. 125, 074501 (2020)
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Allowed aspect ratios Γr

Γr

smooth wall case
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Lines: upper and lower bounds for rolls for smooth walls from theory:

Wang, Verzicco, Lohse, Shishkina, Phys. Rev. Lett. 125, 074501 (2020)

Aspect ratio of cellular structure & of rolls
cellular 

aspect ratio
Γc(t) =

λ(t)
h(t)

roll 

aspect ratioΓr(t) =

λroll(t)
h(t)



• For high Ra, scallops develop in ice layer


• Scallops resemble those in field 
measurements; connection to basal 
melting of glaciers?


• Wavelength of scallops grows in time and 
is given by length scale of convection rolls


• Roughness amplitude scales as ~ Ra*1/3

Conclusions on part II.
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III. Vertical convection with fresh water 

Yang, Chong, Liu, Verzicco, Lohse,

Phys. Rev. Fluids 7, 083503 (2022) 

Abrupt transition from 
slow to fast melting  

VC

ice

cold

hot



Model system: Vertical convection, with one side frozen
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Interface

T = 0oC

Objective: How does the melting rate depend on the heating temperature?
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Control & response parameters

Control parameters (dimensional)
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Th = 20oC

 θm = 0.2  θm = 0.4  θm = 0.6  θm = 0.8

Th = 10oC Th = 6.7oC Th = 5oC

Th = 20oC Th = 10oC Th = 6.7oC Th = 5oC

Locally reversed flow significantly affects the melt shape

Without density 
anomaly

With density 
anomaly

Summary of shape evolution
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T = 0

Ice

HotHot

Cold 

Water
Ice

T = Th

Cold

Th = 20oC Th = 10oC

Same features hold for 3D DNS
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T = 0

Ice

HotHot

Cold 

Water
Ice

T = Th

Cold

Th = 20oC Th = 10oC

How does the melting rate change? 

Same features hold for 3D DNS
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•The density anomaly plays an important role in ice morphology and melt speed


•Energy balance successfully describes melting rate for both with & without density anomaly:


•Abrupt transition from slow to fast melting state due to locally reversed flow: tipping point

Δθz ≈ RaPr (θ̄ + St−1) f
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•The density anomaly plays an important role in ice morphology and melt speed


•Energy balance successfully describes melting rate for both with & without density anomaly:


•Abrupt transition from slow to fast melting state due to locally reversed flow: tipping point

Δθz ≈ RaPr (θ̄ + St−1) f

Conclusions on part III. Rui Yang et al., Phys. Rev. Fluids 7, 083503 (2022) 
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•The density anomaly plays an important role in ice morphology and melt speed


•Energy balance successfully describes melting rate for both with & without density anomaly:


•Abrupt transition from slow to fast melting state due to locally reversed flow: tipping point
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IV. Vertical convection with salty water 

Yang, Howland, Liu, Verzicco, Lohse,

JFM 969, R2 (2023) 

Ice melting in 
salty water 



Try yourself at home: 

Ice cube melting in fresh/salty water

Huge effect of salt on ice melting - huge relevance



Try yourself at home: 

Ice cube melting in fresh/salty water

Ice melting in ocean

Huge effect of salt on ice melting - huge relevance



• How fast does the ice melt (global melt rate)?

• How does the shape evolve (local melt rate)?

• Do scallop patterns emerge? 

• Dependence on control parameters?

• How to upscale to glacier scale and beyond?

Questions to ask



.
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from Schmitt et al., 	
Science 308, 685 (2005)

560 S. Stellmach, A. Traxler, P. Garaud, N. Brummell and T. Radko
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Figure 3. (a–c) Simulated layer formation in a large triply periodic domain
(335d × 335d × 536d). Temperature perturbations normalised to the temperature difference
across the whole domain are shown in colour, with their respective colour scales in each
panel. The top panels are visualisations on the data-cube faces, while the lower ones are
volume-rendered images. Snapshots are shown for three characteristic dynamical phases.
Fingering convection develops first (phase I) and soon becomes unstable to large-scale gravity
waves saturating at finite amplitude (phase II). Eventually, vigorously convecting layers form,
separated by thin fingering interfaces (phase III). (d ) Time series of the Nusselt number
Nu =1 − FT and of the turbulent flux ratio γ = FT /FS .

in the high vertical wavenumber modes of the salinity field. Doubling the vertical
resolution before layers start to form solved this problem: the results were interpolated
to a 576 × 576 × 1152 grid slightly before the layering transition and the simulation
was then re-computed on the finer grid from there on.

3. Direct simulation of staircase formation
The dynamics of the system, as observed in our numerical simulation, is divided

into three distinct phases illustrated in figure 3. Note that a movie of this simulation is

from Stellmach et al. 	
JFM 677, 554 (2013)

Temperature field of fully periodic 3D 
simulation

PrT = 7, PrS = 21, Λ=1.1

Thermohaline 
staircases

from Krishnamurti 	
JFM 483, 287 (2003)
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VC-DDC melting setup with control parameters

ΔSv = Sbottom - Stop

Vertical salt stratification (stable):

ΔSh =   (Sbottom  + Stop ) - Si
1
2

Horizontal salt gradient = average salt conc.

= 0oC
Si = 0Tw

Stop

Sbottom

Ti 

ΔT = Tw - Ti

Horizontal temperature gradient:
Tw  = initial water temp

No flux BCs (for heat & salt)



Dimensional:

Temperature difference:          - 0K

Horizontal salinity difference:  - 0


Vertical salinity difference:     

ΔT = T0

ΔSh = (Stop + Sbottom)/2
ΔSv = Sbottom − Stop













Other parameters are 

kept at realistic values
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Temperature difference:          - 0K

Horizontal salinity difference:  - 0


Vertical salinity difference:     

ΔT = T0

ΔSh = (Stop + Sbottom)/2
ΔSv = Sbottom − Stop













Other parameters are 

kept at realistic values

ΔT = 10K, 15K, 20K

ΔSh = 0 − 20 g/kg

ΔSv = 0 − 10 g/kg

H = 2.5, 5, 10 cm

Values taken:

 
RaT =
CbgΔT2H3

2νκT
= [1.8 × 106 − 1.2 × 109]

RaS =
b0gΔShH3

νκS
= [0 − 2.5 × 1010]

 
PrT =
ν
κT
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ν
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= 1000

St =
L

cpΔT

Dimensionless control parameters
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⇢(T, S)Known density dependence on T & S:

Note:

• Freezing point goes down with   
 increasing salt concentration

• Density maximum no issue at seawater  
 any more
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Note difference: 
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Synopsis: Flow & ice structures (2D)
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Synopsis: Flow & ice structures (2D)

Huppert & Turner, 
JFM (1980)

Do the developing 
wavelengths agree with 
the experimental ones?
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Wavelength: Compare numerics & experiment & theory
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Wavelengths from simulations nicely 
agree with the experimental ones!



Conclusions on part IV.

• DNS of ice melting in saline water


• Scallops/layered structures of melt front: quantitative agreement between 
experiments, DNS, and theory


• Non-monotonic dependence of melt rate on ambient salinity


• Origin thereof: competition between thermal-driven buoyancy, salinity-driven 
buoyancy, and salinity stable stratification

Yang, Howland, Liu, Verzicco, Lohse, JFM 969, R2 (2023) 
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Competition of three different shapes
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Which one will melt slowest?
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Overall summary
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More general lessons on melting

•Relevance huge in context of climate and energy transition

•Melting offers great problems to fluid dynamics

•Closing gap between what can be measured (a lot still to be done) and 
what can be simulated (also a lot to be done): One-to-one comparison 
seems achievable

•Closing gap between fluid dynamics in the field (ocean, lake), in the lab, 
and on the computer

•Extremely rich phenomenology and multi-dimensional parameter spaces

•Field offers excellent examples to learn how to decipher often 
surprising & counterintuitive phenomena: excellent training ground for 
young scientists 
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•Melting offers great problems to fluid dynamics

•Closing gap between what can be measured (a lot still to be done) and 
what can be simulated (also a lot to be done): One-to-one comparison 
seems achievable

•Closing gap between fluid dynamics in the field (ocean, lake), in the lab, 
and on the computer

•Extremely rich phenomenology and multi-dimensional parameter spaces

•Field offers excellent examples to learn how to decipher often 
surprising & counterintuitive phenomena: excellent training ground for 
young scientists Work in progress
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