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Hydrodynamics under rotation

Geo and astrophysical flows
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Hurricane Irene (2011)Earth rotation from Galileo (1990)



Physical ingredients

Å Stratification Ą Internal gravity waves

Å Magnetism ĄAlvén waves, Dynamo action

Å Thermal convection

Å Rotation Ą Internal inertial waves

Å Turbulence
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Hydrodynamics under rotation

Model experiments
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Geo and astrophysical flows

Å Geophysics

(ocean, atmosphere, liquid core)

Å Astrophysics

(gazeousplanets, galaxies)



Hydrodynamics under rotation

Navier -Stokes equation in a rotating frame

‬ό

‬ὸ
όẗ​ό

ρ

”
​ὴ ςɱ ό ’ῳό

Coriolis force
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In a non-dimensional version

Ὑέ
‬ό

‬ὸ
Ὑέόẗ​ό ​ὴ Ὡ ό ὙέὙὩ ῳό

ɱ

Reynolds number ὙὩ
ẗ
Ḑ

Rossby number Ὑέ
ẗ
Ḑ

Temporal Rossbynumber Ὑέ
Ⱦ
Ḑ

with ὴ ὴ ”ɱ ᴆÒ



Turbulence under rotation
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Reynolds number ὙὩ
ẗ
Ḑ ḻρĄ The flow is turbulent.

Rossby number Ὑέ
ẗ
Ḑ ṂρĄ Rotation interacts with non -linearities .

Temporal Rossbynumber Ὑέ
Ⱦ
Ḑ ḗὙέ

This interaction drives turbulence toward an 

anisotropic 2D states invariant alongɱ

Navier -Stokes equation in a rotating frame

‬ό

‬ὸ
όẗ​ό

ρ

”
​ὴ ςɱ ό ’ῳόɱ



Two-dimensionalisation of turbulence by rotation

Les Houches, March 16-21, 2014 Pierre-Philippe Cortet New Challenges in Turbulence ResearchIII 6

Hopfinger , Browand & Gagne, JFM (1982)

Oscillated grid in a rotating tank

Emergence of columnar vortices
aligned with the rotation axis

ɱ

Jacquin, Leuchter, Cambon & Mathieu, JFM (1990)

Hot wire measurementsin a rotating
grid turbulence in a wind tunnel

Growth of axial integral scalewith ɱ

ɱᵁ



2D-3C flow

Rotation drives turbulence toward a 2D state 

1. In the limit Ὑέ Ὑέ π, NS becomes

ρ

”
​ὴ ςɱ ό

Taking its curl gives ɱẗ​ό π

Taylor -Proudman Theorem = Geostrophic equilibrium

Ὑέ πĄ 2D 3C flow, but no turbulence

2.WhateverὙέand ὙὩ, for a pure 2D 3C flow, i.e. ό ‬‪ȟ‬‪ȟό

the Coriolis force can be absorbed in the pressure gradients

‬ό

‬ὸ
όẗ​ό

ρ

”
​ὴ ’ῳό

with ὴ ὴ ς”ɱ‪

2D 3C flow Ą The dynamics is no more affected by rotation

Ὑέ
‬ό

‬ὸ
Ὑέόẗ​ό ​ὴ Ὡ ό ὙέὙὩ ῳό
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Ą " Turbulence affected by rotation "  is neither exactly 2D, nor at Ὑέ π



Weakly interacting
nonlinear waves

Resonanttriadic interactions

Weakly interacting
nonlinear waves

Resonanttriadic interactions

Ὑέ
όẗ​ό

ςɱ ό
Ḑ
Ὗ

ςɱὒ
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Ὑέ
‬όȾ‬ὸ

ςɱ ό
Ḑ
„

ςɱ

π 1

ὕρ

Linear inertial waves

Geostrophic equilibrium

╡▫ ╡▫◄

Hydrodynamics under rotation
Ὑέ
‬ό

‬ὸ
Ὑέόẗ​ό ​ὴ Ὡ ό ὙέὙὩ ῳό

ὕρ



Navier -Stokes equation in a rotating frame

‬ό

‬ὸ
όẗ​ό

ρ

”
​ὴ ςɱ ό ’ῳό

Restoring action of the Coriolis force

‬ό

‬ὸ
ςɱ ό

Inertial waves in fluids under rotation 

Anticyclonic circular translation
at frequency „ ςɱ

For velocities in the plane Ṷɱ

ɱ ɱὩ

Les Houches, March 16-21, 2014 Pierre-Philippe Cortet New Challenges in Turbulence ResearchIII 9



Ὡ —

Ὡ

Ὡ

Ὡ

Ὡ

ɱὩ

Velocity in a plane tilted of —

ό όὩ όὩ

Coriolis force

Ὂ ςɱ ό ςɱόÃÏÓ—Ὡ ςɱόÃÏÓ—Ὡ ςɱόÓÉÎ—Ὡ

‬ό

‬ὸ
ςɱÃÏÓ—ό

‬ό

‬ὸ
ςɱÃÏÓ—ό

Anticyclonic circular translation of 
the plane tilted of —

at the frequency„ ςɱÃÏÓ—
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Inertial waves in fluids under rotation 
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Inertial waves in fluids under rotation 

Dispersion relation

„

ςɱ
ÃÏÓ— Ὑέ

Ą Propagation along — ÁÃÏÓ

Ὑέ
‬όȾ‬ὸ

ςɱ ό
Ḑ
„

ςɱ

π 1
Linear inertial waves

Cortet , Lamriben & Moisy , POF (2010)

q

2D point source
ɱ



For a monochromatic wave

Ὧ
Ὧ
ά

​•

Ą and ‖ Ὧ ά arbitrary

Ὡ —

Ὡ

Ὡ

Ὡ

Ὡ

​• ” ςɱÓÉÎ—Ὡ Ą ​•Ṷό
Ὧ

—

ρ

”
​ὴ ςɱόÓÉÎ—Ὡ

ɱὩ

Component alongὩ taken
by the pressure gradients

Phase velocity ὧ ​᷆•

normal
to group velocity ὧ —᷆

ὧ
ὧ
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Inertial waves in fluids under rotation 

Coriolis force

Ὂ ςɱ ό ςɱόÃÏÓ—Ὡ ςɱόÃÏÓ—Ὡ ςɱόÓÉÎ—Ὡ

« όÃÏÓ• ᴆὼȟὸ η



Excitation of a plane inertial wave

Plane wavemaker

Gostiaux , Didelle , Mercier & Dauxois , Exp. in Fluids (2007)
Mercier , Martinand , Mathur , Gostiaux , Peacock & Dauxois , JFM (2010)

Motion

ὧ

Les Houches, March 16-21, 2014 Pierre-Philippe Cortet New Challenges in Turbulence ResearchIII 13

with F. Moisy

and

G. Bordes, T. Dauxois



Rotating platform with PIV on board
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q

Bordes, Moisy , Dauxois & Cortet , POF (2012) 

ὧὧ

Dispersion relation

„

ςɱ

ά

‖
ÃÏÓ—
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Excitation of a plane inertial wave 

Ą Propagation along — ÁÃÏÓ

Ą No link between frequency „and wavelength

Ą Phase velocity normal to group velocity



Primarywaveat„

Subharmonic instability

Growth of two subharmonic waves

Temporal energy spectrum

Ὁ„ ◊ ȟ

Temporal Fourier transform

◊ ὼȟᾀ
ρ

ς“
◊ὼȟᾀȟὸὩ Ὠὸ
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Temporal Fourier filtering

Ὧ ​•

The subharmonic waves
are plane waves

Primarywaveat„
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Triadic resonance of plane waves

Resonancecondition for a triad of plane waves

ἳ ἳ ἳ„ „ „ π
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Resonancecondition + dispersion relation

Experimental
triad

Triadic resonance of plane waves of inertia

ἳ ἳ ἳ

„ „ „ π
+ ί avec  ▓

Ὧ
ά

et     ί ρ
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Helical mode

with

Decomposition of Navier -Stokes equation in helical modes

Ą Consider a velocity field made of an assemblyof helical modes

Navier -Stokes equation becomes

with
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Cambon & Jacquin, JFM (1989)

Waleffe , POF (1992)



A helical mode = a plane inertial wave

Under rotation, if we takeἭ along ,

describesa plane inertial wave
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with

Ὧ

ɱ



Restricting to 3 inertial waves

with initially ὃ πet ὃȟ π

Resonant triad of plane inertial waves

with the growth rate

(ii) For ὃȟ ὸ to grow, „ „ „ π

(i) The interaction ἳȟἸȟἹ possible for ἳ Ἰ Ἱ
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Most instable triad of inertial waves
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Energy transfers toward modes with

more horizontal wavevectors

᷆ᴼπ

Two -dimensionalisation mecanism

for weakly non-linear interaction
Ą



Resonant triad of plane inertial waves

(ii) For ὃȟ ὸ to grow, „ „ „ π

(i) The interaction ἳȟἸȟἹ possible for ἳ Ἰ Ἱ
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This framework makes senseif one have a separation of timescales

‎Ḻ„ȟȟ

Since‎Ḑ‖ὃĄ ὙέḺὙέ

Moreover, in order to have a good phase mixing , the resonanceneedsto be precise to

„ „ „Ḻ‎ ɱὙέ

ĄWhenὙέU more non-resonant triads are allowed to exchange energy



Weakly interacting
nonlinear waves

Resonanttriad

Ὑέ
όẗ​ό

ςɱ ό
Ḑ
Ὗ

ςɱὒ
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Ὑέ
‬όȾ‬ὸ

ςɱ ό
Ḑ
„

ςɱ

π 1
Linear inertial waves

Geostrophic equilibrium

Hydrodynamics under rotation
Ὑέ
‬ό

‬ὸ
Ὑέόẗ​ό ​ὴ Ὡ ό ὙέὙὩ ῳό

ὕρ

╡▫ ╡▫◄

Weakly interacting
nonlinear waves

Resonanttriad

ὕρ



with F. Moisy
C. Lamriben

Camera

Laser Water tank

Decaying grid turbulence under rotation

ɱ
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Lamriben , Cortet & Moisy , PRL (2011)



ɱὸ
ς“

Ὑ
έ

Ὑέὸ
ό

ςɱὒ
with ό ộό ὸỚ

Turbulence decay,Ὑέὸ

Ὑέṃρ

Rotation doesnot matter

600 decaysof the turbulence for 
eachof the studied rotation rates

ὙὩὸ ρπππOςππ

Anisotropic

Invariance alongᾀ

Isotropic
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ὙέṂρ

Rotation is in action



‐
Ὠό

Ὠὸ

ὸὠȾὓ

Turbulence decay, Energy dissipation rate

‐
ό

†
’
ό

ὒ

Å without rotation ‐
ⱨ╣ ◊●╛

† †
ὒ

ό

Å with rotation Ⱡ►▫◄
◊●

╛
╡▫ Ⱡ ╓╡▫

Jacquin , Leuchter , Cambon & Mathieu, JFM ( 1990)
Squires, Chasnov, Mansour & Cambon ( 1994)
Zhou, POF (1995)

ⱨ╣ ◊●
◊●

† ɱ†

ὒ

Radius of rotation of 

inertial waveὒḐ
ɱ

ὒ
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‐

‐
ὸ

ὸὠȾὓ

‐
Ὠό

Ὠὸ

ὸὠȾὓ

Turbulence decay, Energy dissipation rate

‐is not affected by rotation

Ą Large scalesare apparently not 
affected by rotation

‐
ό

†
’
ό

ὒ

Å without rotation ‐

Å with rotation Ⱡ►▫◄
◊●

╛
╡▫ Ⱡ ╓╡▫

Which scalesaffected?
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ὸ σs ὸ ρφs

Two points velocity correlation = «Energy distribution in the spaceof scales»

Ą Toward an anisotropic 2D stateĄ Isotropy

Ὑᴆὶȟὸ ộόᴆὼ ᴆὶẗόᴆὼỚ

where stands for spatial (over ᴆὼ) and ensemble average

όᴆὼ

όᴆὼ ᴆὶ
ᴆὶ
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How this anisotropy of ╡►ȟ◄ is built by energy transfers?

How it is distributed among scales?



Conservation of Ὑᴆὶȟὸ in the spaceof scales

ρ

ς

‬Ὑ

‬ὸ

ρ

τ
​ẗᴆὊ ’ɝὙ

Kármán-Howarth -Monin equation

with ‏όᴆὼȟᴆὶ όᴆὼ ᴆὶ όᴆὼ the velocity increment

Ὑᴆὶȟὸ ộόᴆὼ ᴆὶẗόᴆὼỚ

« Energy distribution »
ᴆὊᴆὶȟὸ= ό‏ ό‏

« Energy flux density »

όᴆὼ

όᴆὼ ᴆὶ
ᴆὶ

ɩᴆὶȟὸ Ὀᴆὶȟὸ

Les Houches, March 16-21, 2014 Pierre-Philippe Cortet New Challenges in Turbulence ResearchIII 31

3D isotropic turbulence

ɩὶ ‐

equivalent to    ộ‏ό Ớ ‐ὶ
(Kolmogorov 1941, Monin & Yaglom 1975)

.3ό ᴆὼ ᴆὶ .3ό ᴆὼ Ą
Rotation has 
disappeared 



ɱ

ᴆὊ ȿᴆὊȿ

KHM equation with rotation

ɩᴆὶȟὸ Ὀᴆὶȟὸ

​ẗᴆὊ ’ɝὙ

Ą Strong anisotropy of the energy transfers

ɩᴆὶȟὸbetween spatial scales

Ą ᴆὊremains nearly radial but is dependant

on the orientation of ᴆὶ
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ɩ

ɱ



Horizontal to vertical ratio

of energy flux

Scale dependent anisotropy of energy transfers

The anisotropy of energy transfersɩᴆὶȟὸ is
stronger at small scales, i.e. decreaseswith ὶ

Ą Consistent with the independence of ‐with ɱȢ
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Horizontal to vertical ratio

of energy density

Scale dependent anisotropy of energy distribution

with Ὁᴆὶȟὸ= 2 ό ςὙᴆὶȟὸ

ὶ

anisotropy

ὶ ὸ
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Scale dependent anisotropy of energy distribution
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anisotropy

Ḑὶ ? ὶὶ

Ą The Zeman scaleὶ is maybe a good description of the scaleὶ .

Ą But, the Zeman Rossbynumber seemsnot relevant for ὶ ὶ.

isotropy anisotropy

?

Ὑ ὶḐ Ḑ with ὶ
Ⱦ

the Zeman scale

ὶ ὶ are not affected by rotation Ą isotropic

Zeman, POF (1994)



The scale of maximum anisotropy

Ąὶ ÍÁØςὶȟω–

with ὶ
Ⱦ

and  –
Ⱦ

Á ᴆὶȟὸ

Les Houches, March 16-21, 2014 Pierre-Philippe Cortet New Challenges in Turbulence ResearchIII 36

Energy transfersɩᴆὶȟὸare more 

anisotropic at small scalesbut for Ò –

they are no more at play Ąὶ Ḑ–ɩᴆὶȟὸ Ὀᴆὶȟὸ

​ẗᴆὊ ’ɝὙ



Ą For  ὶ ὶ, the flow is not affected by rotation.

Ą For  ὶ ὶ, the Zeeman Rossbynumber Ὑ ὶḐ fails to interpret data. 

However , it is basedon 3D isotropic scalings!!

Ą One needsto build a Rossbynumber increasing with ὶ, in which case:

The larger the scale, the larger the Rossby number , the less affected by rotation

ὶ ὶὶ

isotropy anisotropy

anisotropy

A new Rossbynumber above the Zeman scale ?
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One can note that scaledependant Rossby

numbersὙ ὶḐ associatea frequency„ὶ

with a scaleὶ, which is highly incompatible with

the physics of inertial waves!



Two-dimensionalisation of turbulence by rotation

Delache, Cambon & Godeferd , POF (2014)

DNS of the decay of turbulence under rotation
Initially isotropic and non-helical

ὙὩ υ ρπand Ὑέ πȟπς
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Mininni , Rosenberg & Pouquet , JFM (2012)

DNS of forced turbulence under rotation
with helical forcing

ὙὩ σ ρπand Ὑέ πȟπχ

Results are contrasted

Ὧ

Ὧ



The scaledependanceof the anisotropy of rotating turbulence 

is still not fully understood . It probably depends on

Ą the helicity of the turbulence,

Ą the isotropy of the forcing or of the initial turbulence,

Ą the nature of the forcing (monochromatic or broadband).

Ą Talk given by Pablo Mininni tomorrow 8h45 !

Anisotropy of rotating turbulence
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ὖ

ὖ

3D turbulence
Direct cascade of energy

2D turbulence
Inverse cascade of energy

3D vs.2D turbulence
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What about the energy transfers in the horizontal plane Ṷɱ?

Rotating turbulence tends to be 2D but is not exactly.



An inverse cascade of energy?
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Yarom, Vardi , Sharon, POF (2013)

Transient of a rotating turbulence 
experiment forced with an array of jets

Pouquet , Sen, Rosenberg, Mininni
& Baerenzung, Phys. Scripta (2013)

Transient of a rotating LES forced at Ὧ

Ὧ

Ὧ

Turbulence is both unstationnary and inhomogeneous

We are not sure where the energy comesfrom :

Fluxes in scalesor space?



ρ

τ

‬Ὁᴆὶ

‬ὸ
ɩᴆὶ

ρ

ς
’ɝὉ ‐ ὖ

Kármán-Howarth -Monin equation
Ὁᴆὶȟὸ ộ‏ό ό ςὙ

ɩᴆὶȟὸ ​ẗộ‏ό όỚ‏

‐
ρ

ς
’ộ‬ό ‬ό Ớ

ὖ ᴆὪȾςḐὖfor ὶ‏όẗ‏ ὒ

όᴆὼȟᴆὶ‏ όᴆὼ ᴆὶ όᴆὼ
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In the isotropic case (2D or 3D), an angular averagegives that

ĄὉὶ is the cumulated energy from πto ὶ

Ąɩὶ is the energy transferred from ὶ ὶto ὶ ὶ
ὶπ Њ

Ὁὶ

ɩὶ

3D turbulence

ɩὶ ‐ π

equivalent to    ộ‏ό Ớ ‐ὶ
(Kolmogorov 1941, Monin & Yaglom 1975)

Forward cascade

2D turbulence

ɩὶ ὖ π

equivalent to    ộ‏ό Ớ ὖὶ
(Kraichnan 1971, Bernard 1999, Lindborg 1999)

Inverse cascade

For theory and numerics only



A stationary turbulence under rotation
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with A. Campagne, B. Gallet, F. Moisy

Generators designed at LadHyX , EcolePolytechnique
by P. Augier, P. Billant , J.-M. Chomaz

An arena of vortex dipole generators



A stationary turbulence under rotation
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A vortex dipole flap generator

ὙὩ ḗρπππand Ὑέ ḗ πȢπσȠπȢςς

The large scale vortex dipole produces and carries
3D turbulent fluctuations towards the center of the arena 
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A stationary turbulence under rotation

StereoscopicPIV



ɱwithout rotation with rotation

Flow in the vertical plane 
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ὙὩḗυππ
Ὑέɴ πȢπτπȢρυ

without rotation            w ith rotation

Strong enhancementof the two -
dimensionality by rotation

Ὁᴆὶȟὸ ộ‏ό



without rotation with rotation

Flow in the horizontal plane
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without rotation         w ith rotation
Ą Larger structures

ĄMerging of vortices

Signature of an inverse cascade

Good axisymmetry of the 
turbulence for all ɱ

Vertical vorticity ‫



Energy flux density ᴆὊ ộ‏ό όỚ‏
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The energy flux density is azimuthal becauseof the 
cyclone/anticyclone asymmetry

However, it does not matter for energy transfers
because of axisymmetry

τɩᴆὶ ​ẗᴆὊḗ
ρ

ὶ
‬ ὶὊ ‬ Ὂ᷆᷆

since ‬Ὂḗπ

Gallet, Campagne, Cortet & Moisy , POF (2014)
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ɩὶ
ρ

τ
​ẗ‏ό ό‏

ὶ

ὶ 0



Energy flux ɩὶ with an angular average
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ɩὶ π
Forward
cascade

ɩὶ π
Inverse
cascade

ɱᵁ

ɩὶ
ρ

τ
​ẗ‏ό ό‏
ɩ
ὶ



in the 2D3C limit

‬ό όẗ​ό ​ὴ ςɱ ό ’ɝό

‬ό ό ẗ​ ό ​ὴ ’ɝό ‬ό᷆ ό ẗ​ ό᷆ ’ɝό᷆

ό
ό
ό

π

ό᷆ = passive scalar advected by
the horizontal velocity

Inverse cascade of horizontal energy
Ὁ ὶ ộ‏ό Ớ

Direct cascade of vertical energy
Ὁ᷆ ộ‏ό᷆ Ớ

Decomposition of the energy flux in vertical and horizontal energy

ό᷆ ό

ɩ ὶ
ρ

τ
​ ẗ‏ό ό‏ π ɩ

᷆
ὶ

ρ

τ
​ ẗ‏ό᷆ ό‏ π
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ɩὶ ɩ ὶ ɩ
᷆
ὶ



Decomposition of the energy flux in vertical and horizontal energy
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ɱᵁ

ɩ ὶ
ρ

τ
​ ẗ‏ό ό‏ π ɩ

᷆
ὶ

ρ

τ
​ ẗ‏ό᷆ ό‏ π

3D isotropic forward energy transfer
and/or

stretching and folding of a passive
scalar advected by ό

Double cascade of energy



ɱ

An inverse cascade of energy

Deusebio, Boffetta,  Lindborg, Musacchio, ArXiv (2014)

DNS of turbulence under rotation
Energy injection at Ὧ

Les Houches, March 16-21, 2014 Pierre-Philippe Cortet New Challenges in Turbulence ResearchIII 53

Pouquet , Sen, Rosenberg, Mininni
& Baerenzung, Phys. Scripta (2013)

Rotating LES
Energy injection at Ὧ

Ὧ Ὧ



ρ

τ

‬Ὁᴆὶ

‬ὸ
ɩ Ὀ ‐ ὖ Where is the energy injection?

with ὃᴆὶ Ḃ ό‏ όẗὨὛ with     ό
ᴆ ᴆᴆ

coarse-grained velocity

ὄᴆὶ Ḃ όẗὨὛ‏ὴ‏

Ὀᴆὶ ​ộ‏ό Ớ

Kármán-Howarth -Monin equation

It is due to an energy flux through
the frontier of the control volume

This flux is intrinsically related to 
inhomogeneities in the turbulence statistics

even infinitely small
(Our energy is homogeneous to 3%)
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Kármán-Howarth -Monin equation in the horizontal plane
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