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Hydrodynamics under rotation

Geo and astrophysical flows
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Hydrodynamics under rotation

Geo and astrophysical flows
A Geophysics
(ocean, atmosphere, liquid core)
A Astrophysics
(gazeousplanets, galaxies)

Physical ingredients

A Stratification A Internal gravity waves

Magnetism A Alvén waves, Dynamo action
Thermal convection

Rotation A Internal inertial waves

Model experiments
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Turbulence
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Hydrodynamics under rotation

Navier -Stokesequation in a rotating frame
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Turbulence under rotation

Navier -Stokesequation in a rotating frame

m<f= T—Ob Bt 2 Mm@
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Reynolds number Y Q || = D | pA The flow is turbulent.
Rossby numbery ¢ || l ﬁ|| D M p A Rotation interacts with non -linearities.
Temporal Rossbynumber 'Y € || j H|| D—é'Yé¢

This interaction drives turbulence toward an
anisotropic 2D states invariant along Ff]
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Two-dimensionalisation of turbulence by rotation

Convergent Rotating section Cylindrical test section
N :
Flow 3 /'\
i i —{“ﬂ | -——-l--—-—-—- {—- \j>

1
/ Honeycomb Grid ‘Initial’ conditions

(x = x,)

Jacquin, Leuchter, Cambon & Mathieu, JFM (1990

Hot wire measurementsin a rotating
grid turbulence in a wind tunnel

Growth of axial integral scalewith m

Hopfinger , Browand & Gagne, JFM (1982

U
Oscillated grid in a rotating tank M)

Emergence of columnar vortices
aligned with the rotation axis
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Rotation drives turbulence toward a 2D state

6 . - S
Ve Tr_c‘) Y46t )0 n @ 8 YEYQ B

1.In the limit YE  Y¢ 1, NS becomes

Taking its curl gives (mt )8 T

Taylor-Proudman Theorem = Geostrophic equilibrium
2D-3C flow

Y& 1A 2D 3C flow, but no turbulence

2.Whatever 'Y éand 'YQ for a pure 2D 3C flow,i.e. 8 (f rh1 [ o)

the Coriolis force can be absorbedin the pressure gradients
16 .- P -, .
— t — !
— @t )8 = @
with n n ¢'nj
2D 3Cflow A The dynamics is no more affected by rotation

A " Turbulence affected by rotation " is neither exactly 2D, nor at'Y§¢ Tt
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Hydrodynamics under rotation
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Inertial waves In fluids under rotation

Navier -Stokes equation in a rotating frame
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Restoring action of the Coriolis force For velocities in the plane U m
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Anticyclonic circular translation
atfrequency,, ¢cm
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Inertial waves In fluids under rotation

Velocity in a plane tilted of — Q

5 00 6T UA/U

Coriolis force

O ¢m 8 |[cMAIROT (ALY ¢y OEHT
1o .
T o S m ARG Anticyclonic circular translation of
" —) the plane tilted of —
T ¢ mAMDO at the frequency, c¢mA I(Q
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Inertial waves In fluids under rotation

. m <}
2D point source

Dispersion relation

— AT S ¥
qm

A Propagation along — A A O

Cortet, Lamriben & Moisy, POF (2010)
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Inertial waves In fluids under rotation

Coriolis force

—

O ¢m 8 ¢MmAILT (ALY ¢ OEHT

P-, . A Component along Q’ taken
LN Jel: 7o) by the pressure gradients

Te " —cmOEHT A - UGB

For a monochromatic wave
()
Qa

Al— — and I VQ & arbitrary _&T/ﬁ\i Phase velocity ™ -
w normal
to group velocity @~ —
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UNIVERSITE

Excitation of a plane inertial wave with F. Moisy SRS

Comprendre le monde
! nir’

and

G. Bordes, T. Daux0iS === ==

ENS DE LYON

n Gostiaux, Didelle , Mercier & Dauxois, Exp. in Fluids (2007)
Mercier , Martinand , Mathur , Gostiaux , Peacock & Dauxois, JFM (2010)
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Rotating platform with PIV on board
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Excitation of a plane inertial wave

Bordes, Moisy, Dauxois & Cortet, POF (2019

Dispersion relation

R =
¢m

A Propagation along — A A O
A No link between frequency , and wavelength

A Phase velocity normal to group velocity




Subharmonic instability

Primarywaveat ,,

Temporal energy spectrum
O, (0 [)n

Temporal Fourier transform

O (add) c£ O (i) Q Qo

11
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Growth of two subharmonic waves
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Temporal Fourier filtering

The subharmonic waves
are plane waves
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Primarywaveat ,,
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Triadic resonance of plane waves

Resonancecondition for a triad of plane waves

2] 7 7 -’-[ l l l
1
oo/ f (o1402)/f o1/f o2/ f = 05l
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ko + ki1 (rad Cm_l)
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Triadic resonance of planewaves of inertia

Resonancecondition + dispersion relation

+ — | — avec

mo + My

S
’ \/(ko + k’l)g + (mo + m1)2

= 0.

Experimental
triad

mo +my (rad cm ™)

ko + k1 (rad cmfl)
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Decomposition of Navier -Stokes equation in helical modes

Cambon & Jacquin, JFM (1989
Waleffe , POF (1992)

Helical mode u(x,t) = A(t) hg e!®x770 4 ¢ c.

kxkxez_l__ k xe,
A
K|k x e |k x e

with h, (k) =

A Consider avelocity field made of an assembly of helical modes

u=>Y Ag(k,t)h,(k)e' >
k

Navier -Stokesequation becomes

0 1 .
(a =+ I/Ii2> Ay = 5 Z Ckqu;AZ€7’(U’“’+UI’+U‘1)t
pP.q

with  Cy = Cikpq = [Sqkq — Sphip] (hy X hy )-hg /2
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A helical mode = a plane inertial wave

Under rotation, if we take "Halong

u(x,t) = A(t) hg '*

with

X=0st) 4 ¢ oc.

k k X e,

k xe,

hSk (k) —

X
K Tkxe,

+H fSk

|k X e,]
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Resonant triad of plane inertial waves

Restricting to 3 inertial waves .
(&

+ UKJ2 Ap = CL A A* ei(ak—I—Jp—l—oq)t
with initially 6 Tet 0y T P

() The interaction T hl Al possible forT 1 1

(ii) For 0 f, (0) to grow, ,, ., ., Tt

dA
L= CLASAL — vk Ay

= ddjl =) Aia(t) = Byg (e — 1)
dt2 Co AJAT — I/FLQAQ ’ ’

with the growth rate

v s
Y+ = —E(f{% + HJ%) + \/Z(ﬁ}% — &2) + C‘1612|140|2
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Most instable triad of inertial waves

(a) o0/f = 0.84 ===

mo +my (rad em™1!)

ko + k1 (rad cm—1)

Energy transfers toward modes with -

ko + ki (rad cm™1)

—OT[

more horizontal wavevectors

Two -dimensionalisation mecanism

for weakly non-linear interaction
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Resonant triad of plane inertial waves

%) |
(E + %2) A = O AL AL e toptoa)t

dAl . 5

(i) The interaction T HI Al possible fort 1 1 7 C1ASAS — vk Ay
dA

(”) For 6 h (b) tO grOW’ n ” ” 1! _dt2 = CZASAH{ T VR%AQ

This framework makes senseif one have aseparation of timescales
'L s Ah
Sncel DI 6 A YEL Y¢
Moreover, in order to have a good phasemixing , the resonanceneedsto be preciseto
7 ” ” I: r m'Yé

A When Y €Y more non-resonant triads are allowed to exchangeenergy
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Hydrodynamics under rotation
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| | . with F. Moisy S PARIS
Decaying grid turbulence under rotation C. Lamriben PS_“?{_ _,

Comprendre le monde
construir d

Lamriben , Cortet & Moisy, PRL (2011)

Laser sheet

- e

Visualization

Camera
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Turbulence decay, 'Y €0

600decays of the turbulence for
each of the studied rotation rates

YQO) pmTPNC M T
YeEmp

Rotation doesnot matter %0 Cn
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Turbulence decay, Energy dissipation rate

N

10 ¢

2/ dt (m2 s 3)

—du”

| = Q=0rpm

Q=41pm

i ——Q=8rpm
= =Q=161pm

1

10

Radius of rotation of

inertial wave 0 D —

A with rotation £,. (2*4 - e

Jacquin, Leuchter, Cambon & Mathieu, JFM ( 1990)

"y

T mt

Squires, Chasnov, Mansour & Cambon ( 1994)
Zhou, POF (1995)
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Turbulence decay, Energy dissipation rate

10 ~ O ’ é
10'3;7 - T
A A without rotation - —
:” 10°L 4
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107 Q:4$m o
H=——Q=8mpm
== Q=161mpm
107’5 e : .
o o 70 10 o
- is not affected by rotation mo’_

A Large scalesare apparently not
affected by rotation m,f

Which scalesaffected? f oTo
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)
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Two points velocity correlation = «Energy distribution in the spaceof scales»

GB® b t3(@0

Y(i)

where ( ) stands for spatial (over @) and ensembleaverage

ﬂqﬁ 0O p @

O OS

(mm)

(S

20 40 60 80

0
-80 -60 -40 -20
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0 2 4 6 0 1 2
X107 m2is—? x 107 Hi2is=2

A Isotropy A Toward an anisotropic 2D state

How this anisotropy of 4 (Bh4iis built by energy transfers?
How it is distributed among scales?
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Karman-Howarth -Monin equation

Conservation of "Y(ieD) in the spaceof scales

o o PT Y P, Rotation has
@ D) @ A ¢T o0 Lo sy disappeared
H_J W_J
i@ o
Y(e) @@ b itd@0 \
« Energy distribution »

Yev) =(1 6 1 6)

« Energy flux density »

with]1 6 @b G(® B 3(e) the velocity increment

3D isotropic turbulence
L (1) -

equivalentto 016 O  --i
(Kolmogorov 1941, Monin & Yaglom 1975)
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KHM equation with rotation

-—— -t '3y
H_J W_J
() O(E)

A Strong anisotropy of the energy transfers

L (D) between spatial scales

A ®remains nearly radial but is dependant

on the orientation of B
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Scale dependent anisotropy of energy transfers

Horizontal to vertical ratio

of energy flux

I(r,0 =m/2,t)
II(r,0 = 0,t)

ar(r,t) =

~r

The anisotropy of energy transferst B is
stronger at small scales i.e. decreaseswith |

A Consistent with the independence of - with nB
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Scale dependent anisotropy of energy distribution

80

Horizontal to vertical ratio

of energy density 4 60( /_\

E(r0=m/2,t) "7 : w0 f

CLE(TT t) — re,,‘ N /\
E(Ta 0 =0, t) ~

with OB =2(6 ) ¢ Yo

anisotropy

N

Vv

\ \
l o) i
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Scale dependent anisotropy of energy distribution
Zeman, POF (1994

N ) T 7
Y({A)D—D (—) with | (—) the Zeman scale

1 1 are notaffected by rotation A isotropic
0 1 2 3 4

_— : T —
80 ' ‘
anisotropy |
A !
! 607
isotropy ! anisotropy =
I = 40
~
20}
I Di ? | 0
0 500 1000
tV,/M

A The Zeman scalei is maybe a good description of the scalei

A But, the Zeman Rossbynumber seemsnot relevant fori 1 .
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The scale of maximum anisotropy

20 .
Taniso (4 rpm) Al | /C\'Bijl f]DE}-}
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\ —_— 7}311150 (l (i 11)111) With ‘l (_) and — (_)
= 10t
5r 12rg (4 rpm) A Id:ID 80
60
//, K ‘ 2rq (8 rpm) —
O, 977 (16 1'1I)1n) . . 2rqg (16 rpm) é 40
0 400 800 1200 - N
tVy/M
i 500 1000

£V, /M

Energy transfers 1 (ieho) are more

-—— - t® '3Y
H_/ W_/
L (iBo) O(iBo) they are no more atplay A i D -

anisotropic at small scalesbut for O —
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A new Rossbynumber above the Zeman scale ?

A For i 1 ,the flow is not affected by rotation.

A Fori 1 ,theZeemanRossbynumberY (i) D (—) fails to interpret data.

However, it is basedon 3D isotropic scalings!!

A One needsto build a Rossbynumber increasing with i, in which case:

The larger the scale, the larger the Rossby number, the less affected by rotation

anisotropy One can note that scaledependant Rossby

numbers 'Y (i) D — associatea frequency ,, |

isotropy anisotropy

with ascalei , which is highly incompatible with

the physics of inertial waves!
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Two -dimensionalisation of turbulence by rotation

Mininni , Rosenberg & Pouquet, JFM (2012) Delache, Cambon & Godeferd , POF (2014

DNS of forced turbulence under rotation

DNS of the decay of turbulence under rotation
with helical forcing

Initially isotropic and non-helical

YQ o pmand’YE T X YQ v prmand’ Y€ T C
IOO T 1 L | T T LR | T T T T L 1
0.01
10-2
q::, 0.0001
= 10-4 -
= S jeos |
R ~z
= 106 =Y
v S 1e-08
10-% 1e-10 |
10-10 : : ‘ 1e-12 \
100 10! 102 103 1 10 100 1000
k k

Results are contrasted
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Anisotropy of rotating turbulence

The scaledependance of the anisotropy of rotating turbulence
is still not fully understood. It probably depends on

A the helicity of the turbulence,

A the isotropy of the forcing or of the initial turbulence,

A the nature of the forcing (monochromatic or broadband).

A Talk given by Pablo Mininni tomorrow 8h45 !



3D vs. 2D turbulence

Rotating turbulence tends to be 2D but is not exactly.

3D turbulence 2D turbulence
Direct cascade of energy Inverse cascade of energy

QOO0 wss | QOO0

DOQOO@DQQQQQ Flux of DOQOO@DQQC}QC

energy €
Q0000000 AOOIVCODOVVI000 90000000 DAV VD0VODQ00

V

Injection of

................................................ Dissipation of energy
X”“gys // ........

What about the energy transfers in the horizontal plane U ﬁ]’>

LesHouches, March 16-21, 2014 Pierre-Philippe Cortet New Challengesin Turbulence Researchlll 40



An inverse cascade ofenergy?

Yarom, Vardi , Sharon, POF (2013)

Transient of a rotating turbulence
experiment forced with an array of jets

N
K*(t=52
102t ° ooll‘/ (

S)
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Turbulence is both unstationnary and inhomogeneous
Pouquet, Sen, Rosenberg, Mininni

We are not sure whereathe 2ng ey < anmesiens)
TFranasnirod ealetstingplaic&orced at Q

co-rotating —>

camera

Water +

Tracers

injection device
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Karman-Howarth -Monin equation

p ’

i ((® ¢'s0 - o

T 7 0

o|w &8 ) (@) qY
L (B) - 1616 180
- %@(T() 16)0
0 (6t ®IcDOfori O

For theory and numerics onl -
y Y (S dp d@ © 8@

In the isotropic case (2D or 3D), anangular averagegives that

A ‘Q(1) is the cumulated energy from rto i
A L (1 )istheenergytransferred fromi 1 toi

3D turbulence
L (i) - T

equivalentto 016 O
(Kolmogorov 1941, Monin & Yaglom 1975)

A}

Forward cascade
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Y
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T l
oG)
2D turbulence
L (1) 0 Tt
equivalentto 816 O -0

(Kraichnan 1971, Bernard 1999Lindborg 1999)

Inverse cascade
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A stationary turbulence under rotation

An arenaof vortex dipole generators

’«ﬂ 7>>\ &
Vertical S

laser sheet\_> CQ QO

G %y; 8
Horizontal 8
laser sheet \ B

As 9

Vortex dipole

PG P
| | [
e

60 cm

S
IJ—
i 125cm
. _ PARIS
with A. Campagne, B. Gallet, F. Moisy Sw
Generators designed atLadHyX , Ecole Polytechnique e OLE

POLYTECHNIQUE

UNIVERSITE PARI §-SACLAY

by P. Augier, P. Billant, J:-M. Chomaz

LesHouches, March 16-21, 2014 Pierre-Philippe Cortet New Challengesin Turbulence Researchlll 43



A stationary turbulence under rotation

LesHouches, March 16-21, 2014

A vortex dipole flap generator
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3D turbulent fluctuations towards the center of the arena
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A stationary turbulence under rotation

StereoscopicPIV

LesHouches, March 16-21, 2014 Pierre-Philippe Cortet
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Flow in the vertical plane

without rotation with rotation 45
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Flow in the horizontal plane

without rotation Vertical vorticity with rotation
¥ ) Y VT A ’ T QU
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A Larger structures

without rotation with rotation
80 T T T . . ;

A Merging of vortices
Signature of an inverse cascade

Good axisymmetry of the
turbulence for all m

—60 —40 -20 0 20 40 60 80
ry (mm)

LesHouches, March 16-21, 2014 Pierre-Philippe Cortet New Challengesin Turbulence Researchlll

47



Energy flux density ® 0616 | 60
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Gallet, Campagne, Cortet & Moisy, POF (2014)
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Energy flux t

[ in the horizontal plane
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Energy flux L 1  with anangular average
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Decomposition of the energy flux in vertical and horizontal energy
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Decomposition of the energy flux in vertical and horizontal energy
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An inverse cascade ofenergy

Pouquet, Sen, Rosenberg, Mininni
& Baerenzung, Phys. Scripta (2013)
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Deusebio, Boffetta, Lindborg, Musacchio, ArXiv

(2014)
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Karman-Howarth -Monin equation
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Karman-Howarth -Monin equation in the horizontal plane
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