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POD   Proper Orthogonal  
            Decomposition 

POD eigenfunctions are representative of flow organisation 

POD coefficients are representative of flow dynamics 

POD has to be applied to inhomogeneous directions  
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 Eigenfunctions are obtained by solving an optimisation problem: 

Find the directions Φ as  parallel  as possible to the realisations u 
of the flow ie with an inner product (u,Φ) maximum (average <.>) 

 The inner product (u,Φ) is the POD projection coefficient   an(t)    

 Problem to be solved: 

Eigenvalue Fredholm integral problem (kernel 2 point 
correlation tensor) 

POD (fundamentals) 
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LUMLEY&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&SIROVICH&
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Direct!POD!
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Snapshot!POD!
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LODS&IdenJficaJon&
(calibraJon,&assimilaJon,…)&

Development of Low Order Dynamical Systems (LODS)      
from reduced sets arising from experimental/numerical 

data bases 

% !Total!or!par%al!Velocity!field!
% !Scalar!quan%ty!(concentra%on,!pressure)!

Time!or!non@%me!resolved!informa%on,!
however!representa%ve!of!the!flow!dynamics!

POD!based!Iden%fica%on!technique!
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AR!models!and!LODS!

Star%ng!from!the!

!video!of!a!campfire!

!

POD!analysis!

!

AR!modeling!the!!a’s&
!

Virtual!campfire!

!

The “Campfire” 
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Aims:!subset!of!the!Dynamical!System!

• %PODMGalerkin%like!equa%ons!for!a!scalar!quan%ty!or!par%al!informa%on!(!eg!:
2D3C!slice!of!a!3D!configura%on!...)!

!

• !Iden%fica%on!of!the!coefficients!M,!L,!Q!!from!non@%me!!!!resolved!samples!of!
the!‘as’!and!of!their!%me!deriva%ve.!Or!from!%me!resolved.!

• !By!using!correla%ons!<da/dt%a>%%[Verdet!1998,!Ricaud!2002]!

• !By!a!least%mean%square!approach!using!!Singular Value Decomposition    
[Perret!et!al!2006]!

LODS!Iden%fica%on!

J.!Delville! 57!



CALINS!

hbp://calins.limsi.fr!

hbp://wallturb.univ@lille1.fr!

L+!300!
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A!‘model’!!!@!y+=10!!



Mean!Flow!direc%on!

Wall!

Dual!%me!stereoscopic!PIV!

X!

Y!
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Lx+=300!



Vectorial POD : 

Scalar POD : 
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 POD analysis  of DB1 

V component: weak 
convergence " noisy 
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#01!

#02!

#03!

#04!

#05!

#06!

#07!

#08!
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"We can expect a decrease of       due to stastical  considerations 

"Discrepancies from this decay are linked to PIV �noise measurement� 

"We can then define the maximum number of POD modes that can be considered at 
most to define a ROM from the experiment 
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In a 2T SPIV approach it is required that 
the POD modes remains coherent 
between  times  t  (PIV1)  and   t+τ (PIV2) 

↵n



We consider here a 4 equation ROM 

Some intermittent events appear 

66!NCTR!III!Les!Houches!2014!J.!Delville!



J.!Delville! NCTR!III!Les!Houches!2014! 67!

A!‘model’!!!@!y+=100!!
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• !Analysis!of!POD!modes!and!of!their!temporal!evolu%on!

! !"!!towards!Stochas%c!model!for!highest!modes!…!
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Lx+!x!Lz+!=!680!x!540!

y+!=!100!
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Time!history!of!an(t)%
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Eigen!Spectrum!

POD!mode!n!

Ei
ge
n!
Va

lu
e!
!!λ
%
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�n =< a2n >
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Spectra!of!!an(t)!

POD!mode!freq.!
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Noise!level!

En(f) =<
f [an(t)

f [an(t)
⇤
>

En(f) =<
f [an(t)

f [an(t)
⇤
>
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Towards!a!
scaling!law!

fmax%

E(max)!
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2%fmax%

En(f) =<
f [an(t)

f [an(t)
⇤
>

f
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Slope!=!@5/3!!!
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" !!!!A!way!for!predic%ng!energy!!distribu%on!of!the!!POD!coefficients!
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an(t) ' IFT(an(f) exp(j�rand))



NCTR!III!Les!Houches!2014!

Correct!but!phase!is!missing!

"!i.e!No!advec%on,!…!

"!Need!to!add!interac%ons!between!modes!
J.!Delville! 75!
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noise!

Modes!interac%on!
region!

fmax!

2!x!fmax!

Frequency!range!of!linear!interac%ons!between!POD!modes!
For!given!n!!!if!it!exists!(m,f)!such!that!!!!!!γmn(f)>0.2!"!!!
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Same!plot!taking!into!account!scaling!law!!!
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Advection 
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n!

m! m!

n!
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n!

m! m!

n!
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Same!plot!taking!into!account!scaling!law!!!
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n0.5

m
0
.5
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n!
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"!A!phase!can!be!added!…!to!the!ROM!
J.!Delville! 83!

V (n) = �A(n,m)/P (n,m)

V (n) = �A(n,m)/P (n,m)

n!
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ZPG&Turbulent&Boundary&Layer&

A&data&base&for&APG&Turbulent&Boundary&Layer&also&obtained…&
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Instantaneous Snaphots 
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Accelera%on!plan!parallele!paroi!y+=100!!Rtheta7800!
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Window!for!PIV! 13!PCBs!! ‘Brush‘&of&143&single&hotRwires&in&TBL&

•  Logarithmic&distribuJon&&from&z=±&4&mm&±&140&mm&;&&Smallest&spanwise&separaJon&&z+&=&80&
•  Logarithmic&distribuJon&from&y=&0.3&to&307&mm&&&&&&&;&&First&wire&y+&=&6&
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•  Many probes to handle " in situ  
•  4 levels of external velocity : [3, 5, 7 and 10 m/s]  
•  Time consuming  procedure: 

•  Thermal stabilisation of the wind-tunnel 
•  Convergence of statistics " long duration [50 runs of 180 000 samples 
of 6 s each]  ! 20 minutes of signal at 30kHz over 143+3 channels…. 
 

•  Use of canonical  profiles (measured with a  single hot wire ) 
•  Use PIV measurements in cross section upstream, close to the  rake to adjust 
calibration coefficients 

•  CTA deliver signals that are not linearly related to velocity 

Hot-wire rake calibration  
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Calibration Example 
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Mean Streamwise Velocity: Setup # I  

With Rake           Without rake  

The!HW@rake!is!‘intrusive’!!
blocking!effect!:!model!based!on!complex!poten%al!
But!does!not!modify!fluctua%ng!parts!!and!correla%ons:!
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We!can!reach!much!larger!scales!by!using!HWR!!
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Use!L@SE!to!reconstruct!very!long!%me!histories!of!the!boundary!layer!$!super@streaks!
•  !use!H@W!instantaneous!velocity!to!es%mate!the!2D3C!velocity!!

•  Mul%!%me!formula%on:!
!
•  !!!!!is!the!op%mum!%me!delay!(when!max!of!correla%on)!

•  Linear!system!solved!by!using!SVD!+!penalisa%on!procedure!(Tikhonov)!

•  Here!L@SE!!=!interpolator!..!

•  !from!143!HW!signals!
•  !$!PIV!spa%al!resolu%on!

⌧

8!2013!
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PIV! Es%mated!

Large!scale!stucture!filter!

8!2013!
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8!2013!
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�•  Wandering!!
•  Average!longitudinal!Length!about!10!

•  !!!!!!!!!!!!!!!!!"!!!cf!!!!Huthckins!Marusic!2007!!!
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Thank!you!!


