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•  Energy	
  dissipated	
  at	
  small	
  scales	
  for	
  high	
  Reynolds	
  
number	
  

•  Energy	
  	
  	
  	
  	
  	
  	
  	
  injec=on	
  at	
  large	
  scales	
  	
  

•  Conserva=ve	
  energy	
  transfer	
  by	
  nonlinear	
  term	
  of	
  
Navier-­‐Stokes	
  equa=ons	
  to	
  small	
  scales	
  

•  Concept	
  of	
  iner=al	
  range	
  if	
  injec=on	
  and	
  
dissipa=on	
  scales	
  are	
  well	
  separated	
  in	
  scale	
  space	
  

Kolmogorov	
  1941	
  Theory	
  
As	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  the	
  iner=al	
  range	
  sta=s=cs	
  depend	
  only	
  on	
  
scale	
  	
  	
  	
  and	
  energy	
  flux	
  	
  

Kolmogorov	
  energy	
  
spectrum	
  

•  Local	
  energy	
  transfer	
  (cascade)	
  characterized	
  by	
  
constant	
  energy	
  flux	
  	
  

Richardson’s	
  cascade	
  picture	
  

✏
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•  Occurs	
  in	
  helium-­‐4	
  below	
  the	
  lambda	
  
transi=on	
  point:	
  

•  Below	
  	
  	
  	
  	
  	
  	
  	
  helium-­‐4	
  is	
  composed	
  of	
  two	
  coexis=ng	
  fluids:	
  

Normal	
  (viscous)	
  component	
  with	
  density	
  

Superfluid	
  (inviscid)	
  component	
  with	
  density	
  

•  The	
  two	
  components	
  coexist	
  together	
  to	
  give	
  total	
  fluid	
  density	
  of	
  	
  

•  The	
  rela=ve	
  densi=es	
  of	
  the	
  two	
  components	
  is	
  temperature	
  dependent	
  

At	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  helium-­‐4	
  is	
  
more	
  than	
  99%	
  superfluid	
  

⇢ = ⇢n + ⇢s

⇢n
⇢s

•  Superfluidity	
  is	
  a	
  state	
  of	
  maaer	
  in	
  which	
  the	
  
fluid	
  behaviour	
  is	
  like	
  a	
  zero	
  viscosity	
  fluid	
  

•  Related	
  to	
  Bose-­‐Einstein	
  Condensa=on	
  in	
  
Bose	
  gases	
  

•  Superfluidity	
  is	
  observed	
  in	
  both	
  helium-­‐3	
  and	
  
helium-­‐4	
  

T� = 2.17 K

T�

T < 1 KTwo-­‐fluid	
  model:	
  



Proper=es	
  of	
  the	
  Superfluid	
  Component	
  

5	
  

•  A	
  completely	
  inviscid	
  fluid	
  (no	
  viscosity)	
  

•  Superfluid	
  flow	
  is	
  irrota=onal	
  flow	
  

What	
  happens	
  if	
  we	
  externally	
  induce	
  vor=city?	
  

•  Vor=city	
  appears	
  through	
  the	
  crea=on	
  of	
  quasi-­‐1D	
  
topological	
  defects	
  (density	
  of	
  the	
  fluid	
  vanishes)	
  

•  Vortex	
  core	
  is	
  incredibly	
  small:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (for	
  helium-­‐4)	
  	
  	
  

•  	
  Circula=on	
  is	
  discre=zed	
  in	
  units	
  of	
  

! = r⇥ v = 0

These	
  are	
  known	
  as	
  quan=zed	
  vor=ces	
  

 = h/m

•  Every	
  quan=zed	
  vortex	
  line	
  is	
  iden=cal	
  

Hydrodynamical	
  proper=es	
  



⇠ ⇠ 10�8 cm

•  Normal	
  and	
  superfluid	
  components	
  interact	
  through	
  quan=zed	
  vortex	
  lines	
  by	
  mutual	
  
fric=on	
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•  Superfluid	
  turbulence	
  can	
  defined	
  as	
  the	
  study	
  of	
  the	
  
chao=c	
  mo=on	
  of	
  the	
  superflow	
  induced	
  by	
  a	
  tangle	
  
of	
  quan=zed	
  vor=ces	
  

•  Polariza=on	
  of	
  vortex	
  bundles	
  mimic	
  classical	
  eddies	
  

•  Richardson	
  cascade	
  of	
  vortex	
  bundles	
  

•  Energy	
  can	
  be	
  injected	
  into	
  the	
  superfluid	
  through	
  
classical	
  means	
  (mixing,	
  rota=on)	
  or	
  through	
  quantum	
  
methods	
  (counterflow)	
  

Mauer,	
  Tabeling,	
  Europhys.	
  Le-.	
  43,	
  29,	
  (1998)	
   Courtesy	
  of	
  Andrew	
  Baggaley	
  

Classical	
  
vortex	
  tubes	
  

Superfluid	
  	
  
vortex	
  bundles	
  

Leveque,	
  She,	
  (1993)	
  

•  Kolmogorov	
  picture	
  also	
  observed	
  in	
  superfluid	
  



Zero	
  temperature	
  superfluid	
  turbulence	
  
•  Liquid	
  helium	
  solely	
  consists	
  of	
  superfluid	
  component	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  

•  No	
  normal	
  fluid	
  to	
  dissipate	
  energy	
  

•  Phonons	
  are	
  suggested	
  to	
  be	
  responsible	
  for	
  energy	
  dissipa=on	
  
	
  
	
  

Superfluid	
  Turbulence	
  (Small	
  Scales)	
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Finite	
  (posi=ve)	
  temperature	
  superfluid	
  turbulence	
  
•  Interlocking	
  of	
  normal	
  and	
  superfluid	
  components	
  via	
  mutual	
  fric=on	
  

•  Energy	
  in	
  the	
  superfluid	
  is	
  transferred	
  to	
  normal	
  fluid	
  and	
  dissipated	
  

How	
  does	
  energy	
  reach	
  phonons?	
  
•  The	
  cascade	
  of	
  polarized	
  vortex	
  bundles	
  breaks	
  down	
  at	
  scales	
  	
  

•  Phonon	
  scale	
  is	
  much	
  smaller	
  than	
  the	
  typical	
  mean	
  inter-­‐vortex	
  distance	
  

•  There	
  must	
  exist	
  another	
  mechanism	
  that	
  allows	
  energy	
  to	
  reach	
  such	
  small	
  scales	
  
`

⇢ = ⇢s⇢n = 0

`

How	
  is	
  energy	
  dissipated	
  in	
  superfluid	
  turbulence?	
  

Energy	
  transfer	
  to	
  propaga=ng	
  Kelvin	
  waves	
  

< `

Hypothesis	
  



•  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  the	
  Euler-­‐Mascheroni	
  constant	
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What	
  are	
  Kelvin	
  Waves?	
  

•  Natural	
  perturba=ons	
  that	
  occur	
  on	
  quan=zed	
  
vortex	
  lines	
  

•  In	
  the	
  long	
  Kelvin	
  wave	
  limit	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  Kelvin	
  
waves	
  propagate	
  with	
  dispersion	
  rela=on	
  

•  Kelvin	
  waves	
  get	
  excited	
  by	
  vortex	
  reconnec=ons	
  

•  Reconnec=on	
  events	
  excite	
  Kelvin	
  waves	
  at	
  scales	
  
close	
  to	
  the	
  inter-­‐vortex	
  distance	
  

!k =
k2

4⇡


ln

✓
1

k⇠

◆
� � � 3

2

�

� ⇡ 0.577 . . .

k⇠ ⌧ 1

•  Con=nues	
  un=l	
  the	
  frequency	
  is	
  sufficiently	
  high	
  enough	
  to	
  excite	
  phonons	
  in	
  
the	
  superfluid	
  

Small	
  scale	
  superfluid	
  turbulence	
  characterized	
  by	
  a	
  Kelvin	
  wave	
  cascade	
  

•  Kelvin	
  waves	
  of	
  similar	
  scale	
  interact	
  exci=ng	
  smaller	
  scale	
  Kelvin	
  waves	
  

`

Kelvin	
  wave	
  cascade	
  picture	
  (zero	
  temperature)	
  

•  Kelvin	
  waves	
  are	
  damped	
  by	
  mutual	
  fric=on	
  at	
  finite	
  temperatures	
  



than ! !K41 is polarized, see below" nor would we expect
Kelvin waves to be important for the scales below ! !recon-
nections would be more important, see Ref. 19". On the other
hand, polarization of the vortex tangle allows to shape large-
scale vortex motions characteristic to the K41 cascade, and it
also inhibits local reconnections and makes Kelvin waves a
dominant vehicle for the turbulent energy cascade toward the
small scales. Thus, let us consider the phenomenon of vortex
polarization in greater detail.

Intuitively, polarized vortex tangle can be viewed as a set
of vortex bundles, so that in each bundle the vortex filaments
have the same preferential direction. The simplest way to
achieve such a polarization is to subject the system to an
external rotation or shear. However, as we will see below,
even isotropic and homogeneous turbulence can be, and of-
ten is, polarized.

Let us formalize this picture by giving a mathematical
definition of the vortex tangle polarization. Consider a circu-
lar disk of radius R with randomly selected position of its
center and its orientation in the three-dimensional !3D"
space. The velocity circulation over the contour of this disk,
!!R", is obviously equal to the quantum circulation " #see
Eq. !5"$ multiplied by the difference between the number of
vortices crossing the disk in the positive and negative direc-
tions with respect to the normal to the disk,

!!R" = "!N+ − N−" . !1"

The totally unpolarized system is represented by a vortex
tangle, in which every vortex line consists of a chain of small
uncorrelated segments !as in Ref. 19". In this case, the disk
crossings would be completely random, and the mean value
of !2 would be determined from the central-limit theorem.
Namely, if the sign of each crossing is completely random

and statistically independent of all the other crossings, then
the total circulation ! has zero mean and the standard devia-
tion is equal to the standard deviation for the circulation of
an individual crossing "2 times the total number of terms in
the sum !i.e., the number of crossings",

%!2& = "2%N+ + N−& ' "2!R/!"2, !2a"

where ! is the mean intervortex distance. We say that this
state has zero polarization, P=0. Thus, the polarization P
can be defined as a degree of deviation from this unpolarized
state. For example, in the completely polarized system, all
vortex lines would be in a perfectly aligned state, e.g., N−
=0 and N+#0, so that

%!2& = "2%N+
2& ' "2!R/!"4. !2b"

We say that in this state P=1. Let us now define polarization
P by interpolating between these two limits. Namely, we will
assume that the system is in a scaling state such that

%!2& = "2%N+
2& ' "2!R/!"$, !3a"

with some constant index $. Then, for this state, the polar-
ization is defined as

P = $/2 − 1. !3b"

Note that, in principle, one can have a vortex system in
which P%0, e.g., an ordered grid structure composed of al-
ternating positive and negative vortices. However, the alter-
nating periodic structures are unstable and would quickly
break up due to reconnections.

Polarization of turbulent states with power-law spectra is
considered in Appendix B, describing three different cases.
For very steep spectra, P=1; for very shallow spectra !in-
cluding the thermodynamic state", P=0; and for intermediate
spectra !including K41", P depends on the spectral slope and,
therefore, contains a nontrivial information about the turbu-
lent scalings. For K41 turbulence, we have

%!2&K41 ' &2/3R8/3. !4"

In this case, %!2& can also be obtained from the dimensional
analysis. Thus, for K41 turbulence, we have $=8/3 and po-
larization P=1/3.

Therefore, the vortex tangle associated with the K41 cas-
cade state is polarized. Note that in the presence of bottle-
neck !described below" there will also be a contribution of
the thermalized part of the spectrum. However, this part is
much less than that of the K41 contribution for large R /!.
On the other hand, at scale R'! !and obviously for R%!",
the notion of polarization becomes vague and useless, so one
should not attempt to find P for these scales.

Significant polarization associated with K41 cascade at
large scales leads to grouping of the adjacent vortex lines
into bundles with predominantly parallel orientation, which
obviously inhibits reconnections and which selects Kelvin
waves to be the dominant carrier of the downscale energy
cascade. This picture is self-consistent because, as we will
see later, only weak Kelvin waves are needed to carry the
energy cascade of the same strength as in the large-scale K41
part. Associated with such weak waves, small bending angles
will not allow the adjacent !collinear" vortex lines to ap-

FIG. 1. !Color online" The energy spectra Ek in the classical, k
%1/!, and quantum, k#1/!, ranges of scales. Two straight blue
!dark gray" lines in the classical range indicate the pure K41 scaling
Ek

K41'k−5/3 #Eq. !12"$ and the pure thermodynamic scaling Ek'k2.
For the quantum range, the red !gray" solid line indicates the Kelvin
wave cascade spectrum #Eq. !11"$ !slope −7/5", whereas the green
!light gray" dash-dotted line marks the spectrum corresponding to
the noncascading part of the vortex tangle energy !slope −1".

L’VOV, NAZARENKO, AND RUDENKO PHYSICAL REVIEW B 76, 024520 !2007"

024520-2
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  Crossover	
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Ek

k`

k�5/3

k2

k�5/3

Kelvin	
  
waves	
  

Classical	
  
cascade	
  

Kelvin	
  
waves	
  

What	
  lies	
  in	
  between?	
  

•  Crossover	
  region	
  where	
  energy	
  is	
  converted	
  from	
  a	
  3D	
  
energy	
  cascade	
  to	
  that	
  of	
  a	
  1D	
  Kelvin	
  wave	
  cascade	
  

•  Energy	
  transfer	
  by	
  Kelvin	
  waves	
  is	
  not	
  as	
  efficient	
  as	
  
the	
  classical	
  picture	
  

•  Energy	
  stagnates	
  and	
  thermalizes	
  un=l	
  of	
  sufficient	
  
intensity	
  to	
  excite	
  Kelvin	
  waves	
  (boaleneck)	
  

1.  Thermaliza=on	
  (boaleneck	
  effect)	
  	
  

•  No	
  stagna=on!	
  Energy	
  reaches	
  Kelvin	
  waves	
  via	
  a	
  
series	
  of	
  different	
  vortex	
  reconnec=on	
  mechanisms	
  

2.  Hierarchy	
  of	
  reconnec=on	
  mechanisms	
  

•  Energy	
  must	
  stagnate?	
  

L’vov,	
  Nazarenko,	
  Rudenko,	
  Phys.	
  Rev.	
  B,	
  76,	
  024520,	
  (2007)	
  

Kozik,	
  Svisuntov,	
  Phys.	
  Rev.	
  B,	
  77,	
  060502,	
  (2008)	
  

Kolmogorov	
  cascade 	
  ? 	
  Kelvin	
  wave	
  cascade
	
  	
  

small	
  scales	
  large	
  scales	
  

1.  Bundle-­‐bundle	
  reconnec=ons	
  
2.  Inter-­‐bundle	
  reconnec=ons	
  
3.  Self	
  reconnec=ons	
  

Cl
as
sic

al
	
  c
as
ca
de

	
  

scale	
  of	
  inter-­‐vortex	
  spacing	
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The	
  Gross-­‐Pitaevskii	
  equa=on	
  

i ̇ = �r2 + | |2  = ⇢ ei✓

⇢ = | | v = r✓

Madelung	
  transforma=on	
  

•  Equivalent	
  to	
  =me-­‐dependent	
  Bernoulli	
  
equa=on	
  for	
  irrota=onal	
  compressible	
  flow	
  
with	
  addi=onal	
  quantum	
  pressure	
  term	
  

	
  
Proper=es	
  of	
  Gross-­‐Pitaveskii	
  turbulence	
  

•  A	
  model	
  for	
  weakly	
  interac=ng	
  Bose	
  gases	
  (Bose-­‐Einstein	
  Condensa=on)	
  

•  Hamiltonian	
  dynamics	
  (energy	
  conserva=on)	
  

Sasa	
  et	
  al.,	
  Phys.	
  Rev.	
  B,	
  84,	
  054525,	
  (2011)	
  

•  Quan=zed	
  vortex	
  lines	
  with	
  well-­‐defined	
  	
  
vortex	
  core	
  structure	
  

•  Vortex	
  reconnec=ons	
  
•  Phonons	
  emission	
  
•  Observed	
  Kolmogorov	
  spectrum	
  in	
  

incompressible	
  energy	
  spectrum	
  at	
  large	
  scales	
  

where	
   and	
  

ENERGY SPECTRA OF QUANTUM TURBULENCE: LARGE- . . . PHYSICAL REVIEW B 84, 054525 (2011)

FIG. 2. (Color online) Left: Simulation results of the incompressible energy spectra E(kξ ) normalized by h̄2/(4m2ξ ). Symbols: 20483

( ), 10243 ( ), 5123 ( ). " varies from " ≃ 1.5 (slightly depending on time) for 5123 to " ≃ 2.2 for 20483. Dot-dashed (cyan)
line: K41 “−5/3” scaling. Right: A snapshot of vortex lines at the fully developed turbulent state of 20483 demonstrates the self-similarity of
the bundle-vortex structure (see the dotted circles representing the zoomed regions whose vortex distributions are shown subsequently), typical
for fully developed turbulence.

smaller self-similar tangled structures inside this cubic region
in the subsequent insets.

Before discussion of these results, we will revise shortly in
the next section the LNR model of the bottleneck crossover16

to account for the recently predicted LN spectrum of KWs.8

III. LNR MODEL OF THE BOTTLENECK CROSSOVER

To find theoretically E(k), we, following LNR,16 ap-
proximate the superfluid motions as a mixture of “pure”
HT and KW motions with the spectra E

HT
(k) ≡ g(kℓ)E(k)

and E
KW

(k) ≡ [1 − g(kℓ)]E(k). Here, g(kℓ) is the “blending”
function, which was found in Ref. 16 by calculation of energies
of correlated and uncorrelated motions produced by a system
of ℓ-spaced wavy vortex lines:

g(x) = g0[0.32 ln(" + 7.5)x],

g0(x) =
[

1 + x2 exp(x)
4π (1 + x)

]−1

.

The total energy flux εk , also consisting of HT and KW
contributions,16 is modeled by dimensional reasoning in the
differential approximation. Hence, for k → 0 the energy flux
is purely HT and thus εk ∝ k−2

√
E

HT
dE

HT
/dk. From the other

side, for k → ∞ the energy flux is purely KW and thus
εk ∝ [E

KW
]2dE

KW
/dk. Importantly, in contrast to Ref. 16,

where the physically irrelevant KS spectrum of KWs (2a)
was used, we employ here the proper LN spectrum (2b) that
accounts for large-scale vortex-line modulations with short
KWs.8 The full equation for the total energy flux reads

−
{

1
8

√
k11g(kℓ)E(k) + 3

5
{&k3k∗ ℓ2[1 − g(kℓ)]E(k)}2

(
CLN"κ

)3

}

× d

dk

{
E(k)

[
g(kℓ)
k2

+ 1 − g(kℓ)
k2
∗

]}
= εk. (4)

Here, E
HT

(k∗)=E
KW

(k∗) ⇒ k∗ℓ ≃ 6.64/ ln(" + 7.5). In the
inertial range, the energy flux is constant, ε(k) = ε. More-
over, in the system of quantum filaments it is related to
the root-mean-square vorticity

√
⟨|ω|2⟩ ≃ κ/ℓ2 via ⟨|ω|2⟩ =

2
∫

k2E(k)dk (see Refs. 1 and 2). This allows us to find
solutions of Eq. (4) for different ", as depicted in Fig. 3
by black dashed and solid curves. (For the sake of better
comparison we replotted the simulation data, bringing them all
together to the LNR model curve with " = 2 by superposing
the K41 and plateau regions. This is achieved by fitting the
mean intervortex distance ℓ, which is greed-size dependent:

FIG. 3. (Color online) Incompressible energy spectra plotted vs
kℓ and normalized by κ2/ℓ. The simulation results (the same symbols)
and the LNR model for " = 10,30,100 [dashed (black) curves] are
brought together to the theoretical [solid (black)] curve with " = 2
by superposing the K41 (for both simulations and model) and plateau
regions (only for simulations). Dot-dashed (cyan) lines show different
scaling asymptotics.

054525-3
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The	
  vortex	
  filament	
  model	
  

•  Quan=zed	
  vortex	
  lines	
  are	
  advected	
  by	
  the	
  the	
  
self-­‐induced	
  velocity	
  field	
  

•  No	
  vortex	
  core	
  structure	
  

•  No	
  nature	
  vortex	
  reconnec=on	
  mechanism	
  

•  Incompressible	
  model	
  (no	
  phonons)	
  

•  Observed	
  Kolmogorov	
  spectrum	
  at	
  large	
  scales	
  

Comparison	
  to	
  Gross-­‐Pitaevskii	
  equa=on	
  

si

si+1

si+2

si�2

si�1

Schwarz,	
  Phys.	
  Rev.	
  B,	
  31,	
  5782,	
  (1985)	
  

•  Approximate	
  quan=zed	
  vortex	
  lines	
  as	
  1D	
  space	
  curves	
  

•  Velocity	
  field	
  is	
  constructed	
  through	
  the	
  Biot-­‐Savart	
  equa=on	
  

v(r) =


4⇡

I

L

s� r

|s� r|3
⇥ ds

ṡ = v

Araki,	
  Tsubota,	
  Nemirovskii,	
  Phys.	
  Rev.	
  Lea.,	
  89,	
  145301,	
  (2002)	
  

resolution !! ! 1:83" 10#2 cm and !t ! 4:0"
10#3 sec.

The energy spectrum E$k% is defined as E !
R1
0 dkE$k%, where E is the kinetic energy per unit mass

and k is the wave number of the velocity field. In our
previous papers we derived the energy spectrum under the
vortex filament model [12]:

E$k% ! "2

2$2#%3
Z d"k

jkj2
ZZ

d!1d!2 " s0$!1%
& s0$!2%e#k&'s$!1%#s$!2%(; (1)

where d"k denotes the volume element k2 sin$kd$kd%k in
spherical coordinates. Here a vortex filament is repre-
sented by the parametric form s ! s$!; t%, where s refers
to a point on the filament, the prime denotes differentia-
tion with respect to the arc length !, and the integration is
taken along the filament. The energy spectrum E$k% is
calculated for the vortex configuration s$!% obtained by
the simulation of the dynamics.

Figure 1 shows the decay of the vortex tangle without
the mutual friction [13]. As the initial configuration of
vortices, we use the Taylor-Green vortex [3] [Fig. 1(a)].
These initial vortices are highly polarized. However,
through the chaotic dynamics which includes lots of
reconnections, the vortices become a homogeneous and
isotropic vortex tangle [Figs. 1(b)–1(d)].

First we discuss the transient behavior of the k depend-
ence of the energy spectrum E$k%. The energy spectra
calculated from each configuration in Fig. 1 are shown in
Fig. 2. It is shown that the slope is changed about at k !
2#=l, where l is the average intervortex spacing. The
energy spectrum for k > 2#=l has k#1 behavior which

comes from the velocity field near each vortex line [3,14],
though the random vortices compose the turbulent veloc-
ity field. On the contrary, the spectrum for k < 2#=l is
strongly affected by the random vortex configuration. At
t ! 0 sec, the spectrum has a large peak at the smallest
wave number, being flat in the intermediate range because
there are only large vortices and no short-scale structure
on them. Figure 2 shows that as the vortices become the
homogeneous and isotropic vortex tangle the slope for
k < 2#=l converges to the Kolmogorov form k#5=3.

The Kolmogorov law can be derived from the argument
based on the picture of the cascade process [15]. In the
inertial range the kinetic energy is transferred steadily
from small k to large kwithout dissipation, and dissipated
at the end of the inertial range. Thus, for the steady state,
the energy dissipation rate & ! #dE=dt can be identified
with the energy flux in the inertial range. Then the energy
spectrum depends only on the wave number k and the
energy dissipation rate & ! #dE=dt, which leads to the
Kolmogorov spectrum E$k% ! C&2=3k#5=3. Here C is
the (dimensionless) Kolmogorov constant of order unity.

In our previous papers, the cascade process without the
mutual friction in superfluid turbulence was discussed
[10]. Through lots of reconnections, the vortex tangle
breaks up to smaller ones and this process proceeds
self-similarly, and in our calculation the smallest vortex
whose size is the order of the numerical space resolution
!! is eliminated by the cutoff procedure. This resolution
in our calculation is much larger than the dissipative scale
in a real system. However, this numerical cutoff can be
justified, because the cascade process at a small scale pro-
ceeds much faster than that at a large scale. Actually we
showed the decay rate of the density of vortices was
almost independent of the cutoff scale !!. Figure 3 shows
the energy dissipation rate & due to the cutoff procedure
in the dynamics of Fig. 1. After 70 sec, the tangle
becomes isotropic and homogeneous losing the memory

(a) (b)

(c) (d)

FIG. 1. Time evolution of the vortex tangle at t ! 0 sec (a),
t ! 30:0 sec (b), t ! 50:0 sec (c), and t ! 70:0 sec (d).

FIG. 2. The energy spectra of the vortex tangle at t ! 0 sec
(dashed line), t ! 30:0 sec (dot-dashed line), t ! 50:0 sec
(long-dashed line), and t ! 70:0 sec (solid line).
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of the initial configuration, so the change of the dissipa-
tion rate becomes slow free from the artifact of the early
large dissipation.

Next we compare quantitatively the energy spectrum at
70 sec with the Kolmogorov law E!k" # C!2=3k$5=3. The
Kolmogorov constant C is known as the parameter of
order unity. Here we use C # 1 and ! # 1:287%
10$6 cm2= sec3. Then we can determine uniquely the
energy spectrum. Figure 4 shows the comparison between
the energy spectrum at t # 70 sec and the Kolmogorov
law with C # 1 and ! # 1:287% 10$6 cm2= sec3. The
energy spectrum for k < 2"=l is consistent with the
Kolmogorov law not only on the wave number depen-
dence but also on the absolute value. The dissipative
mechanism due to the cutoff works only at the largest
wave number k& 2"=!# # 343 cm$1. However, the en-
ergy spectrum at the small k region is determined by that
dissipation rate. This result supports just the picture of the
inertial range. Although our spectrum has a k$1 region
between the Kolmogorov region and the dissipative wave

number, the energy flux exists also in this region. The
spectrum in this region includes the contribution coming
from each vortex line and that of the energy flux, while
the former is dominant [14]. The cascade process in this
region will be discussed elsewhere.

The Kolmogorov law is the scaling property in k space
and is closely related with the self-similarity of the
turbulent velocity field in the real space. We devote the
rest of this Letter to the following question: is this scaling
property in k space related to the self-similarity of the
vortex tangle in real space or not? However, in conven-
tional turbulence it is very difficult to discuss this prob-
lem, because the viscous diffusion of vorticity makes the
vortex configuration obscure. On the contrary, the char-
acters of the superfluid turbulence are the definiteness of
the vortex line due to the absence of the viscosity and the
fixed circulation by the quantum effect. These characters
allow us to describe the system by the topological con-
figuration of a vortex tangle. Hence, in order to discuss
the self-similarity in a real space, it is meaningful to
investigate a vortex length distribution (VLD) n!x",
where n!x"!x represents the number of the vortices whose
length is from x to x' !x.

In order to suppress the fluctuation of the VLD, we use
the time averaging procedure in the interval 4.0 sec.
Figure 5 shows the averaged VLD at each time, where
the largest scale in the x axis is the size of the cube and
the smallest scale is the length of the numerical space
resolution. At large scale the VLD is strongly affected by
the effect of the boundary, and at small scale it decreases
rapidly by the effect of the cutoff procedure. As the
vortices approach the homogeneous and isotropic tangle,
in the intermediate range the VLD comes to obey a scal-
ing property n!x" / x$. Using the least squares fits, we
determine this scaling exponent $ at t # 60:0 sec in

FIG. 4. Comparison of the energy spectrum (solid line) at t #
70 sec with the Kolmogorov law E!k" # C!2=3k$5=3 (dotted
line) with C # 1 and ! # 1:287% 10$6 cm2= sec3.

FIG. 5. The VLD n!x"!x at t # 0 sec (dashed line), t #
20:0 sec (long-dashed line), t # 40:0 sec (dot-dashed line),
and t # 60:0 sec (solid line) for !x # 0:05. The dashed line is
determined by the least squares fits at t # 60:0 sec.

FIG. 3. The energy dissipation rate ! which was calculated
from the dynamics of Fig. 1.
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Summary	
  I	
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Classical	
  (normal	
  fluid)	
  turbulence	
  
•  Vor=city	
  is	
  distributed	
  across	
  a	
  wide	
  range	
  of	
  scales	
  in	
  for	
  form	
  of	
  eddies	
  

•  Kolmogorov	
  energy	
  spectrum	
  up	
  to	
  viscous	
  dissipa=on	
  scale	
  

Superfluid	
  turbulence	
  
•  Vor=city	
  is	
  confined	
  to	
  extremely	
  thin	
  iden=cal	
  vortex	
  lines	
  of	
  fixed	
  circula=on	
  

•  Polarized	
  vortex	
  bundles	
  act	
  as	
  large	
  scale	
  (classical)	
  eddies	
  	
  

•  Observed	
  Kolmogorov	
  energy	
  spectrum	
  up	
  to	
  the	
  mean	
  inter-­‐vortex	
  distance	
  

•  Phonons	
  are	
  responsible	
  for	
  energy	
  dissipa=on	
  at	
  zero	
  temperature	
  
•  Kelvin	
  waves	
  transfer	
  energy	
  from	
  the	
  inter-­‐vortex	
  distance	
  to	
  phonons	
  

	
  

Kelvin	
  wave	
  dynamics	
  play	
  an	
  essen=al	
  role	
  in	
  zero	
  
temperature	
  superfluid	
  turbulence	
  



II.  Theore=cal	
  setup	
  of	
  Kelvin	
  Waves	
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Wave	
  Turbulence	
  Theory	
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Defini=on	
  
Wave	
  turbulence	
  is	
  the	
  non-­‐equilibrium	
  sta=s=cal	
  descrip=on	
  of	
  weakly	
  
interac=ng	
  dispersive	
  waves	
  

	
  Non-­‐equilibrium	
  
•  Forcing	
  and	
  dissipa=on	
  are	
  required	
  to	
  sustain	
  turbulent	
  state	
  	
  

	
  Sta=s=cal	
  
•  Many	
  degrees	
  of	
  freedom	
  

Weakly	
  interac=ng	
  
•  Weak	
  nonlinear	
  coupling	
  is	
  required	
  	
  

Dispersive	
  
•  Non-­‐dispersive	
  waves	
  are	
  tougher	
  to	
  deal	
  with	
  theore=cally	
  

Applica=ons	
  
•  Water	
  (gravity,	
  capillary)	
  
•  Plasmas	
  (Alfvén,	
  drin,	
  sound)	
  
•  Op=cs,	
  BECs,	
  superfluids	
  (phonons,	
  Kelvin)	
  
•  Geophysical	
  (Rossby,	
  iner=al)	
  
•  Vibra=ng	
  plates	
  (elas=c	
  waves)	
  

1.  Zakharov,	
  L’vov,	
  Falkovich,	
  Kolmogorov	
  Spectra	
  of	
  
Turbulence	
  I:	
  Wave	
  Turbulence,	
  Springer,	
  (1992)	
  

2.  Nazarenko,	
  Wave	
  Turbulence,	
  Springer,	
  (2011)	
  

Books	
  



•  Consider	
  the	
  Hamiltonian	
  	
  	
  	
  	
  with	
  canonical	
  coordinates	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  momenta	
  

Star=ng	
  Point	
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Many	
  wave	
  systems	
  possess	
  a	
  Hamiltonian	
  structure	
  described	
  by	
  natural	
  canonical	
  variables	
  

i
@a

@t
=

�H
�a⇤

•  Equivalently	
  express	
  Hamilton's	
  equa=ons	
  in	
  
terms	
  of	
  a	
  single	
  canonical	
  complex	
  variable:	
  	
   a(x, t) =

�q + ip/�p
2

Fourier	
  Representa=on	
  

•  A	
  natural	
  representa=on	
  is	
  in	
  Fourier	
  space	
  

i
@ak
@t

=
�H
�a⇤k

•  Evolu=on	
  of	
  each	
  modes	
  is	
  given	
  by	
  

q(x, t) p(x, t)H

Then	
  Hamilton’s	
  equa=ons	
  are	
  equivalent	
  to:	
  

@q

@t
=

�H
�p

,
@p

@t
= ��H

�q

a(x, t) =
X

k

ak(t) exp (ik · x)



Wave	
  turbulence	
  theory	
  relies	
  on	
  weak	
  nonlinearity	
  to	
  provide	
  a	
  small	
  parameter	
  	
  	
  	
  	
  
to	
  enable	
  an	
  expansion	
  of	
  the	
  Hamiltonian	
  in	
  powers	
  of	
  the	
  wave	
  ac=on	
  variable	
  

Hamiltonian	
  Structure	
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•  Naïvely,	
  we	
  can	
  assume	
  that	
  the	
  wave	
  amplitudes	
  are	
  small:	
  

ak

•  Expand	
  	
  	
  	
  	
  	
  in	
  powers	
  of	
  	
  ✏

•  Weak	
  nonlinearity	
  implies	
  

✏

|ak| ⇠ ✏ ⌧ 1

	
  describes	
  	
  	
  	
  -­‐wave	
  processes	
  Hn n

H2 � H3 � H4 � · · ·
H2 =

X

k

!kaka
⇤
k

H
H = H2 +Hint Hint = H3 +H4 +H5 + · · ·

•  Nonlineari=es	
  manifest	
  themselves	
  in	
  terms	
  of	
  higher	
  order	
  powers	
  of	
  	
  	
  	
  ak

•  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  correspond	
  to	
  linear	
  energy	
  of	
  linear	
  propaga=ng	
  waves	
  

H3 =
X

1,2,3

V 1
2,3 (a1a

⇤
2a

⇤
3 + a⇤1a2a3) �(k1 � k2 � k3)

a1 = ak1
V 1
2,3 = V (k1,k2,k3)

e.g.	
  3-­‐wave	
  interac=ons:	
  

Interac=on	
  coefficient:	
   Nota=on:	
  



Wave	
  Amplitude	
  Evolu=on	
  Equa=on	
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•  Explicitly,	
  the	
  mode	
  evolu=on	
  equa=on	
  is	
  

•  For	
  linear	
  dynamics,	
  we	
  observe	
  that	
  the	
  complex	
  mode	
  	
  	
  	
  	
  	
  	
  rotates	
  by	
  the	
  linear	
  
frequency	
  

ak

•  Many	
  interes=ng	
  cases	
  possess	
  scale	
  invariance	
  which	
  is	
  exploited	
  by	
  WT	
  theory	
  

!(�k) = �↵!(k)

V (�k1,�k2,�k3) = ��V (k1,k2,k3)

•  Nonlinear	
  mode	
  coupling	
  (wave	
  mixing)	
  is	
  characterized	
  by	
  the	
  interac=on	
  
Hamiltonian	
  	
  

i
@ak
@t

= !kak +
�Hint

�a⇤k

Hint



•  Consider	
  a	
  single,	
  quan=zed	
  vortex	
  line	
  along	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  periodic	
  in	
  	
  

Wave	
  Turbulence	
  Theory	
  for	
  Kelvin	
  Waves	
  

•  The	
  most	
  natural	
  setup	
  is	
  studying	
  Kelvin	
  waves	
  on	
  1D	
  quan=zed	
  vortex	
  lines	
  

•  Parametrize	
  2D	
  perturba=ons	
  by	
  s = [x(z), y(z), z]

x = y = 0

ṡ =


4⇡

I

L

r� s

|r� s|3
⇥ dr

s = [x(z), y(z), z]

x

y
z

x = y = 0

Wave	
  turbulence	
  theory	
  can	
  only	
  be	
  applied	
  to	
  Kelvin	
  waves	
  in	
  the	
  most	
  idealized	
  setups	
  

z

a(z) = x(z) + iy(z)

Theore=cal	
  setup	
  

•  Define	
  a	
  complex	
  canonical	
  variable:	
  	
  	
  

•  Assume	
  that	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  remain	
  single	
  valued	
  
(no	
  self	
  crossings)	
  

x(·) y(·)

•  We	
  consider	
  the	
  vortex	
  filament	
  model	
  descrip=on:	
  



•  Only	
  even	
  powers	
  of	
  	
  	
  	
  	
  appear	
  in	
  the	
  Hamiltonian	
  (associated	
  to	
  wave	
  ac=on	
  conserva=on)	
  

Hamiltonian	
  Descrip=on	
  of	
  Kelvin	
  Waves	
  

Svistunov,	
  Phys.	
  Rev.	
  B,	
  52,	
  3647,	
  (1995)	
  

Weak	
  nonlinearity	
  expansion	
  

H =
2

4⇡

Z
1 + Re [a0⇤(z1)a0(z2)]q

(z1 � z2)
2 + |a(z1)� a(z2)|2

dz1dz2

•  The	
  idealized	
  setup	
  just	
  described	
  can	
  be	
  wriaen	
  in	
  terms	
  of	
  a	
  Hamiltonian	
  for	
  	
  

•  The	
  small	
  parameter	
  in	
  this	
  problem	
  is	
  the	
  Kelvin	
  wave	
  steepness	
  

•  Observe	
  that	
  the	
  Hamiltonian	
  is	
  divergent	
  as	
  	
  |z1 � z2| ! 0

•  Regulariza=on	
  of	
  integral	
  by	
  introducing	
  cutoff	
  	
   Interpret	
  	
  	
  	
  as	
  
vortex	
  core	
  radius	
  

a

a(z)

i
@a

@t
=

�H
�a⇤

with	
  

Addi=onal	
  conserved	
  quan=ty	
  
N =

Z
|a(z)|2 dz Wave	
  ac=on	
  

|z1 � z2| = ⇠ ⇠

✏ =
|a(z1)� a(z2)|

|z1 � z2|
⌧ 1

H = H2 +H4 +H6 + · · ·



Dual	
  Cascade	
  Scenario	
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•  By	
  assuming	
  linear	
  energy	
  conserva=on,	
  we	
  have	
  two	
  sign-­‐definite	
  quadra=c	
  
invariants:	
  

Fjørton	
  Argument	
  
•  Expect	
  two	
  constant	
  flux	
  cascades	
  (c.f.	
  two-­‐dimensional	
  turbulence)	
  

•  In	
  the	
  weak	
  nonlinear	
  regime	
  the	
  energy	
  can	
  be	
  approximated	
  by	
  the	
  linear	
  
energy:	
  

H ⇡ H2

•  As	
  	
  	
  	
  	
  	
  is	
  conserved,	
  then	
  in	
  the	
  weakly	
  nonlinear	
  limit	
  	
  	
  	
  	
  	
  	
  	
  will	
  also	
  be	
  conserved	
  at	
  
leading	
  order	
  

H H2

N =
X

k

aka
⇤
kH2 =

X

k

!kaka
⇤
k

In	
  systems	
  with	
  more	
  than	
  one	
  invariant,	
  we	
  can	
  get	
  more	
  than	
  one	
  cascade	
  	
  

Energy	
  Wave	
  ac=on	
  

k

Iner=al	
  Range	
   Iner=al	
  Range	
  

Fjørton,	
  Tellus,	
  5,	
  225,	
  (1953)	
  	
  



•  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  are	
  terms	
  containing	
  many	
  logarithmic	
  contribu=ons	
  

Hamiltonian	
  Fourier	
  Representa=on	
  

•  Natural	
  Fourier	
  mode	
  representa=on	
  

•  We	
  consider	
  the	
  first	
  three	
  Hamiltonian	
  terms:	
  	
  H = H2 +H4 +H6

Interac=on	
  coefficient	
  expressions	
  

•  We	
  separate	
  the	
  logarithmic	
  divergent	
  terms	
  by	
  introducing	
  an	
  effec=ve	
  scale	
  	
  

�1,23,4 = � (k1 + k2 � k3 � k4) a1 = ak1T 1,2
3,4 = T (k1,k2,k3,k4)

F1,2
3,4 G1,2,3

4,5,6

a = �1/2
X

k

ak(t) exp(ik z)

!k =
⇤

4⇡
k2� 

4⇡
k2 ln(k`eff ), ⇤ = ln

⇣
`eff/⇠̃

⌘
� 1

T 1,2
3,4 =� ⇤

4⇡
k1k2k3k4�

1

16⇡

h
5k1k2k3k4 + F1,2

3,4

i

W 1,2,3
4,5,6 =

9⇤

8⇡
k1k2k3k4k5k6+

9

32⇡

h
7k1k2k3k4k5k6 + G1,2,3

4,5,6

i

`eff

H =
X

k

!kaka
⇤
k +

1

4

X

1,2,3,4

T 1,2
3,4 a1a2a

⇤
3a

⇤
4 �

1,2
3,4 +

1

36

X

1,2,3,4,5,6

W 1,2,3
4,5,6 a1a2a3a

⇤
4a

⇤
5a

⇤
6 �

1,2,3
4,5,6

!k =
k2

4⇡


ln

✓
1

k⇠

◆
� � � 3

2

�
!k =

k2

4⇡


ln

✓
1

k⇠̃

◆�
!k =

⇤

4⇡
k2� 

4⇡
k2 ln(k`eff ), ⇤ = ln

⇣
`eff/⇠̃

⌘
� 1
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•  At	
  leading	
  approxima=on	
  in	
  	
  	
  	
  	
  	
  the	
  Hamiltonian	
  can	
  be	
  simplified	
  to	
  

H =
2⇤

2⇡

Z q
1 + |a0(z)|2 dz

The	
  Local	
  Induc=on	
  Approxima=on	
  

•  Evolu=on	
  of	
  each	
  vortex	
  line	
  element	
  is	
  determined	
  only	
  by	
  the	
  adjacent	
  elements	
  

•  The	
  LIA	
  can	
  be	
  mapped	
  to	
  the	
  one-­‐dimensional	
  nonlinear	
  Schrödinger	
  equa=on	
  by	
  the	
  
Hasimoto	
  transforma=on	
  

LIA	
  corresponds	
  to	
  integrable	
  dynamics	
  

•  Expect	
  leading	
  order	
  LIA	
  terms	
  to	
  not	
  contribute	
  to	
  nonlinear	
  Kelvin	
  wave	
  dynamics	
  

Subleading	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  terms	
  in	
  the	
  interac=on	
  coefficients	
  are	
  essen=al	
  for	
  
describing	
  nonlinear	
  Kelvin	
  wave	
  dynamics	
  

⇤

ṡ =
⇤

4⇡
s0 ⇥ s00

s

s0

O �
⇤0

�

•  This	
  is	
  equivalent	
  to	
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Four-­‐wave	
  
	
  process	
   T

Four-­‐wave	
  resonance	
  condi=on	
  

•  Fast	
  oscilla=ng	
  sum	
  in	
  =me	
  
•  Main	
  contribu=on	
  in	
  nonlinear	
  term	
  will	
  be	
  when	
  
•  Nonlinear	
  interac=ons	
  are	
  dominated	
  by	
  waves	
  sa=sfying	
  

Consider	
  the	
  Kelvin	
  wave	
  Hamiltonian	
  up	
  to	
  the	
  leading	
  nonlinear	
  term:	
  

Mode	
  evolu=on	
  equa=on	
  

•  Fast	
  linear	
  oscilla=on	
  by	
  frequency	
  	
  	
  
•  Change	
  into	
  the	
  rota=ng	
  coordinate	
  frame	
  

i
@ak
@t

=
�H
�a⇤k

bk = ak exp (i!k t)

!k

!1,2
3,k ⌘ !1 + !2 � !3 � !k = 0

k1 + k2 = k3 + k

!1 + !2 = !3 + !k

H = H2 +H4

= !kak +
1

2

X

1,2,3

T 1,2
3,k a1a2a

⇤
3 �

1,2
3,k

i
@bk
@t

=

1

2

X

1,2,3

T 1,2
3,k b1b2b

⇤
3 �

1,2
3,k exp

⇣
�i!1,2

3,k t
⌘



Graphically:	
  

•  Kelvin	
  waves	
  have	
  a	
  dispersion	
  rela=on	
  

Dispersion	
  rela=ons	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  with	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  only	
  yield	
  trivial	
  four-­‐wave	
  resonances	
  

Non-­‐Resonant	
  Four-­‐Wave	
  Interac=ons	
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!1

!3

!1 + !2 = !3 + !4

k1 + k2

= k3 + k4

k1 k3

This	
  is	
  the	
  only	
  intersec=on	
  
and	
  is	
  always	
  when	
  

k

For	
  one-­‐dimensional	
  systems:	
  

Trivial	
  resonances	
  do	
  not	
  transfer	
  energy	
  at	
  leading	
  order	
  

What	
  Kelvin	
  waves	
  sa=sfy	
  the	
  four-­‐wave	
  resonance	
  condi=on?	
  

!k / k↵

k1 = k3 and k2 = k4

or k1 = k4 and k2 = k3

k1 + k2 = k3 + k4, !1 + !2 = !3 + !4

↵ � 2

!k

!k / k2
log(k⇠)



Canonical	
  Transforma=on	
  

Six-­‐wave	
  
	
  processes	
  

T

Six-­‐wave	
  resonance	
  condi=on	
  

Canonical	
  transforma=on	
  

T

•  However,	
  we	
  would	
  also	
  like	
  to	
  eliminate	
  the	
  non-­‐resonant	
  four-­‐wave	
  term	
  by	
  changing	
  
coordinates	
  

W

•  We	
  can	
  choose	
  the	
  structure	
  of	
  the	
  CT	
  to	
  eliminate	
  the	
  
non-­‐resonant	
  four-­‐wave	
  term	
  	
  	
  	
  	
  	
  	
  

•  The	
  penalty	
  is	
  in	
  the	
  introduc=on	
  of	
  a	
  six-­‐wave	
  correc=on	
  

•  If	
  there	
  are	
  no	
  non-­‐trivial	
  four-­‐wave	
  resonances	
  we	
  must	
  consider	
  the	
  next	
  order	
  	
  	
  

The	
  non-­‐resonant	
  four-­‐wave	
  terms	
  play	
  an	
  
important	
  role	
  in	
  the	
  next	
  order	
  contribu=on	
  

W̃ = W +
T � T
!

k1 + k2 + k3 = k4 + k5 + k6

!1 + !2 + !3 = !4 + !5 + !6

H6

H4

H =
X

k

!kckc
⇤
k

+
1

36

X
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W̃ 1,2,3
4,5,6 c1c2c3c

⇤
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⇤
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⇤
6 �

1,2,3
4,5,6

H =
X

k

!kaka
⇤
k +

1

4

X

1,2,3,4

T 1,2
3,4 a1a2a

⇤
3a

⇤
4 �

1,2
3,4

+
1

36

X

1,2,3,4,5,6

W 1,2,3
4,5,6 a1a2a3a

⇤
4a

⇤
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⇤
6 �

1,2,3
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ak(t) = ck(t) +O �
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•  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  consists	
  of	
  over	
  20,000	
  terms,	
  but	
  we	
  know	
  that	
  

Explicit	
  Expression	
  of	
  the	
  Six-­‐Wave	
  Kernel	
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To	
  understand	
  Kelvin	
  wave	
  interac=ons	
  it	
  is	
  essen=al	
  to	
  determine	
  the	
  six-­‐wave	
  
interac=on	
  coefficient	
  exactly	
  

•  Recall,	
  that	
  the	
  Hamiltonian	
  interac=on	
  coefficients	
  were	
  separated	
  in	
  logarithmic	
  
divergent	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  terms	
  and	
  order	
  one	
  contribu=ons:	
  

! = !⇤ + !1, T = T⇤ + T 1, W = W⇤ +W 1

Six-­‐wave	
  interac=on	
  coefficient	
  expression	
  of	
  	
  

W̃ = W⇤ +
T⇤ � T⇤

!⇤
+W 1 +

T 1 � T⇤

!⇤
+

T⇤ � T 1

!⇤
+

T⇤ � T⇤

(!⇤)2
!1 +O �

⇤�1
�

Divergent	
  terms	
  that	
  
correspond	
  to	
  LIA	
  
cancel	
  each	
  other	
  

Resul=ng	
  leading	
  order	
  terms	
  
describing	
  Kelvin	
  wave	
  interac=ons	
  

•  Using	
  the	
  expressions	
  obtained	
  from	
  the	
  canonical	
  transforma=on	
  and	
  making	
  an	
  
expansion	
  in	
  	
  	
  ⇤

W̃ 1,2,3
4,5,6 / k1k2k3k4k5k6W̃ 1,2,3

4,5,6

JL,	
  L’vov,	
  Nazarenko,	
  Rudenko,	
  Phys.	
  Rev.	
  B,	
  81,	
  104526,	
  (2010)	
  

= 0

O(⇤)

H6
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Formulated	
  the	
  Kelvin	
  wave	
  setup	
  
•  Single	
  periodic	
  vortex	
  line	
  modelled	
  by	
  the	
  Biot-­‐Savart	
  equa=on	
  
	
  

Hamiltonian	
  representa=on	
  
•  Dual	
  invariant	
  dynamics	
  –	
  energy	
  and	
  wave	
  ac=on	
  conserva=on	
  
•  Computed	
  the	
  explicit	
  expressions	
  for	
  the	
  interac=on	
  coefficients	
  

Four-­‐wave	
  resonances	
  are	
  absent	
  for	
  the	
  Kelvin	
  wave	
  problem	
  
•  One-­‐dimensionality	
  and	
  the	
  structure	
  of	
  the	
  linear	
  frequency	
  

Canonical	
  Transforma=on	
  
•  Removed	
  non-­‐resonant	
  four-­‐wave	
  terms	
  
•  Leading	
  resonant	
  interac=ons	
  are	
  six-­‐wave	
  terms	
  

Six-­‐wave	
  interac=on	
  coefficient	
  
•  Performed	
  a	
  	
  	
  	
  	
  	
  	
  	
  -­‐expansion	
  
•  Leading	
  (divergent)	
  	
  	
  	
  contribu=on	
  vanish	
  through	
  integrability	
  of	
  LIA	
  
•  Next	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  terms	
  are	
  the	
  relevant	
  ones	
  for	
  Kelvin	
  wave	
  interac=ons	
  	
  

⇤�1

⇤
O �

⇤0
�



III. Wave	
  Turbulence	
  Theory	
  

28	
  



What	
  Do	
  We	
  Want	
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•  Ideally,	
  we	
  would	
  like	
  the	
  full	
  joint	
  PDF	
  	
  

•  Usually,	
  we	
  start	
  with	
  single	
  =me	
  correlator	
  func=ons:	
  

•  Want	
  to	
  determine	
  the	
  evolu=on	
  equa=ons	
  for	
  the	
  correlator	
  func=ons	
  

•  Ergodicity	
  (ensemble	
  averages	
  can	
  be	
  replace	
  by	
  temporal	
  averages)	
  
•  Random	
  phases	
  and	
  random	
  amplitudes	
  
•  Scale	
  invariance	
  
•  Weak	
  nonlinearity	
  

P(ak1(t1), ak2(t2), . . . )

C2(k1,k2) =
⌦
ak1a

⇤
k2

↵

•  Dynamics	
  of	
  correlators	
  depend	
  on	
  higher	
  order	
  correlators	
  

Closure	
  problem	
  

Wave	
  turbulence	
  theory	
  provides	
  a	
  way	
  to	
  complete	
  closure	
  

Typical	
  assump=ons	
  

C4(k1,k2,k3,k4) =
⌦
ak1ak2a

⇤
k3
a⇤k4

↵

···

···
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•  Consider	
  an	
  	
  	
  -­‐expansion	
  of	
  the	
  wave	
  ac=on	
  variable:	
  ✏

•  Subs=tute	
  into	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  perform	
  averaging	
  using	
  the	
  random	
  phase	
  and	
  
amplitude	
  approxima=on	
  

Of	
  par=cular	
  interest	
  is	
  the	
  second	
  order	
  correlator	
  func=on	
  
⌦
ckc

⇤
k1

↵
= nk� (k� k1)

i
@ck
@t

= !kck +
✏4

12

X

1,2,3,4,5

W̃ 1,2,3
4,5,k c1c2c3c

⇤
4c

⇤
5 �

1,2,3
4,5,k

•  Solve	
  each	
  level	
  using	
  the	
  amplitude	
  equa=on	
  

•  	
  	
  	
  	
  is	
  known	
  as	
  the	
  wave	
  ac=on	
  density	
  nk

Procedure	
  

ck(T ) = c(0)k + ✏4c(1)k + ✏8c(2)k + · · ·

nk = hckc⇤ki

•  Non-­‐zero	
  contribu=on	
  from	
  tenth	
  order	
  correlator	
  that	
  is	
  represented	
  as	
  products	
  of	
  
second	
  order	
  correlators	
  (quasi-­‐normal	
  approxima=on)	
  	
  

•  Take	
  infinite	
  box	
  limit	
  followed	
  by	
  the	
  weak	
  nonlinear	
  limit	
  (equivalently	
  long	
  nonlinear	
  
=me	
  limit)	
  to	
  obtain	
  kine=c	
  equa=on	
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•  The	
  final	
  expression	
  of	
  the	
  kine=c	
  equa=on	
  is	
  

•  We	
  observe	
  that	
  the	
  nonlinear	
  evolu=on	
  =mescale	
  

•  Valid	
  for	
  weak	
  nonlinearity	
  and	
  in	
  the	
  iner=al	
  range	
  of	
  scales	
  

Tnl =
nk

(@nk/@t)
⇠ 1

✏8

Nonlinear	
  evolu=on	
  equa=on	
  for	
  the	
  wave	
  ac=on	
  density	
  

•  The	
  integral	
  on	
  the	
  right-­‐hand	
  side	
  is	
  known	
  at	
  the	
  collision	
  integral	
  

Kozik	
  &	
  Svistunov,	
  Phys.	
  Rev.	
  Le-,	
  92,	
  035301,	
  (2004)	
  

•  Energy	
  spectrum	
  is	
  recovered	
  from	
  	
  Ek = !knk

Collision	
  integral	
  

@nk
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=
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•  Solu=ons	
  in	
  which	
  the	
  five-­‐dimensional	
  collision	
  integral	
  is	
  zero:	
  

The	
  Sta=onary	
  Kolmogorov-­‐Zakharov	
  Spectrum	
  

Zakharov	
  Transform	
  

Interested	
  in	
  sta=onary	
  power-­‐law	
  solu=ons	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  of	
  the	
  kine=c	
  equa=on	
  where	
  	
  

•  Coordinate	
  transforma=on	
  that	
  wraps	
  six	
  sub-­‐domains	
  onto	
  one	
  

•  Integrand	
  will	
  now	
  be	
  exactly	
  zero	
  over	
  the	
  whole	
  new	
  domain	
  for	
  sta=onary	
  solu=ons	
  

•  Collision	
  integral	
  becomes	
  with	
  y = 5x� 15

Thermodynamic	
  solu=ons	
  (zero	
  flux)	
   Kolmogorov-­‐Zakharov	
  solu=ons	
  (constant	
  flux)	
  

x = 0

x = 2

y = 0

y = 2

Equipar==on	
  
of	
  wave	
  ac=on	
  

Equipar==on	
  
of	
  energy	
  

Constant	
  wave	
  
ac=on	
  flux	
  

Constant	
  
energy	
  flux	
  

nk = C k�x

@nk

@t
= 0

nk / k0

nk / k�2

nk / k�3

nk / k�17/5

0 =
C5✏8⇡

6
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k1 =
k2

k̃1

, k2 =
kk̃2

k̃1

, k3 =
kk̃4

k̃1

, k4 =
kk̃4

k̃1

and k5 =
kk̃5

k̃1

,

k = |k|

Kozik-­‐Svistunov	
  energy	
  spectrum	
  

Ek = CKS 7/5 ⇤ ✏1/5k�7/5



Divergent	
  for	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  with	
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The	
  Zakharov	
  transform	
  can	
  only	
  be	
  applied	
  if	
  it	
  does	
  not	
  result	
  in	
  divergences	
  

•  i.e.	
  that	
  the	
  collision	
  integral	
  is	
  convergent	
  upon	
  the	
  solu=on	
  

•  Usually	
  divergences	
  will	
  appear	
  when	
  either	
  one	
  or	
  several	
  of	
  the	
  integra=on	
  variables	
  
go	
  to	
  	
  	
  	
  or	
  

Check	
  for	
  convergence	
  when	
  	
  

•  In	
  this	
  limit,	
  the	
  integra=on	
  over	
  	
  	
  	
  	
  	
  can	
  be	
  factorized	
  out	
  of	
  the	
  collision	
  integral	
  

x > 3

•  The	
  direct	
  energy	
  Kozik-­‐Svistunov	
  spectrum	
  

Kozik-­‐Svistunov	
  spectrum	
  makes	
  collision	
  integral	
  divergent	
  

What	
  does	
  this	
  mean?	
  
•  There	
  is	
  a	
  nonlocal	
  (in	
  scale	
  space)	
  energy	
  transfer	
  from	
  Kelvin	
  waves	
  

•  The	
  wave	
  turbulence	
  predic=on	
  (under	
  the	
  assump=ons	
  of	
  locality)	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
is	
  irrelevant	
  and	
  unphysical	
  

nk / k�17/5

k2 ! 0

nk / k�17/5

n2 / k�x

2

@nk

@t
/

Z k⇤

0
k22 n2 dk2

JL	
  et	
  al.,	
  Phys.	
  Rev.	
  B,	
  81,	
  104526,	
  (2010)	
  

k2

0 1

•  First	
  we	
  must	
  parameterize	
  the	
  resonant	
  condi=on	
  �1,2,34,5,6 �(!
1,2,3
4,5,6)
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The	
  kine=c	
  equa=on	
  is	
  divergent	
  and	
  the	
  divergence	
  takes	
  the	
  form	
  

•  Strongest	
  divergence	
  is	
  when	
  two	
  wavenumbers	
  vanish	
  and	
  singularity	
  	
  

•  Assume	
  this	
  occurs,	
  and	
  consider	
  wave	
  turbulence	
  on	
  slowly	
  varying	
  curved	
  vortex	
  line	
  
due	
  to	
  two	
  large	
  scale	
  modes	
  

/  2

New	
  constant	
  energy	
  flux	
  Kolmogorov-­‐Zakharov	
  solu=on	
  	
  

Four-­‐wave	
  kine=c	
  equa=on	
  

L’vov-­‐Nazarenko	
  spectrum	
  

V 1,2,3
k /  kk1k2k3Interac=on	
  Kernel:	
  

•  L’vov-­‐Nazarenko	
  spectrum	
  corresponds	
  to	
  local	
  wave	
  interac=ons	
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L’vov,	
  Nazarenko,	
  Low	
  Temp.	
  Phys.,	
  36,	
  785,	
  (2010)	
  

Effec=ve	
  local	
  four-­‐wave	
  process	
  on	
  background	
  of	
  two	
  large	
  scale	
  modes	
  

Ek = !knk = CLN ⇤ ✏1/3 �2/3 k�5/3



•  Tilt	
  symmetry	
  can	
  only	
  be	
  applied	
  in	
  local	
  
frame	
  of	
  reference	
  

Local/Nonlocal	
  Debate	
  

The	
  proof	
  of	
  nonlocality	
  has	
  not	
  been	
  universally	
  accepted	
  by	
  the	
  community	
  

Cri=cism	
  –	
  geometric	
  symmetries	
  	
  

•  Nonlocal	
  limit	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  implies	
  interac=on	
  is	
  
propor=onal	
  to	
  local	
  =lt:	
  	
  

SYMMETRY OF KELVIN-WAVE DYNAMICS AND THE . . . PHYSICAL REVIEW B 85, 104516 (2012)

up to quartic, symmetry is broken by the higher-order term
∝φ(dx̃/dz̃)5. Thus, although truncation of the tilt-invariant
Hamiltonian breaks tilt invariance, symmetry is broken only
by higher-order terms, which are beyond the accuracy of the
approximation. Estimating the order of terms, one should take
into account that the tilt angle may be considered to be the
Kelvin mode in the limit of zero wave number k: φ ∼ ka,
where a is the amplitude of displacement produced by the
Kelvin wave [see Eq. (7) below]. Thus the terms ∝φ(dx̃/dz̃)3

and ∝φ(dx̃/dz̃)5 breaking tilt symmetry are of fourth and sixth
order in the Kelvin-mode amplitude, respectively.

This provides an indication that the model of L’vov et al.
violates tilt symmetry. In their analysis, they used the so-called
local nonlinear equation corresponding to the Hamiltonian

HLNE = k2

4π

∫ {
#

(
∂ ũ
∂z

)2

− 1
12

(
∂ ũ
∂z

)6 }
dz, (6)

which appears not to be tilt-invariant. However, the displace-
ment ũ is not a true displacement u, but is obtained from the
latter by some nonlinear transformation, and therefore the rule
of its transformation at axis rotation is not self-evident. On the
other hand, Laurie et al.11 pointed out that this Hamiltonian is
isomorphic to the Hamiltonian in the truncated local-induction
approximation given (up to a constant factor) by Eq. (4). We
have shown that this Hamiltonian contains the sixth-order
terms violating tilt symmetry. Since the main contribution to
Kelvin-wave dynamics comes from the sixth-order terms, the
Hamiltonian used by L’vov et al. violates tilt symmetry.

III. TILT SYMMETRY WITHOUT TRUNCATION AND
BROKEN TILT SYMMETRY OF THE SPECTRUM

OF THE KELVIN WAVE

Due to the problems with tilt symmetry of truncated Hamil-
tonians, it is useful to check tilt symmetry for a Kelvin wave
of arbitrary amplitude, which has an exact solution without
any truncation of the original tilt-invariant Hamiltonian. A
monochromatic Kelvin wave propagating along the axis z in
the original coordinate frame is

x = a cos(kz − ωt), y = a sin(kz − ωt). (7)

It exactly satisfies the equations of motion (2) if the frequency
is given by

ω = νsk
2

√
1 + a2k2

. (8)

A vortex line with a high-amplitude Kelvin wave is a helical
vortex, which was actively investigated in classical and
superfluid hydrodynamics.18,19

Now let us transform the Kelvin wave in Eq. (7) to the tilted
coordinate frame:

'x = a

cos φ
cos

(
kz̃

cos φ
− ωt − k'x sin φ

)
,

(9)

y = a sin
(

kz̃

cos φ
− ωt − k'x sin φ

)
.

Here 'x = x̃ + z̃ tan φ is a displacement produced by the
Kelvin wave with respect to the line x̃ = −z̃ tan φ (a vortex
line undisturbed by the Kelvin wave).

FIG. 1. (Color online) Kelvin wave in the coordinate frame with
the z axis along an unperturbed straight vortex line and in the rotated
coordinate frame with the z̃ axis tilted to the original z axis by the
angle φ. The spatial periods 2π/k and 2π/k̃ are different in the two
frames.

Even a weak Kelvin wave, when one may neglect the term
∝'x in arguments of trigonometric functions, is essentially
different from that in the original coordinate frame: the wave is
elliptically but not circularly polarized, and the wave number
k transforms to k/ cos φ. So the value of k depends on the
choice of the coordinate system. This dependence follows
directly from the geometry of the problem: the period 2π/k
of the wave along the vertical axis in the original coordinate
frame is longer by a factor 1/ cos φ than the period along the
tilted axis (Fig. 1). If the wave is nonlinear and the term ∝'x
in arguments becomes important, the wave is not harmonic
anymore and subharmonics appear in the k space. In summary,
tilting of the axis affects distribution in k space.

Lebedev et al.16 revealed evidence of this effect in the series
expansion in k space and called it the nonlinear shift of the
Kelvin-wave frequency with the wave of small k. They argued
that this was a nontrivial observable physical effect, which
supported their position. Without arguing the observability of
the effect, I would prefer to call it a visual rather than a physical
effect, which has nothing to do with the global symmetry at the
border. It originates from not the most optimal choice of the
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•  Biot-­‐Savart	
  equa=on	
  possesses	
  =lt	
  symmetry	
  

•  Nonlocal	
  interac=ons	
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Deriva=on	
  of	
  the	
  kine=c	
  wave	
  equa=on	
  
•  Mul=-­‐scale	
  expansion,	
  random	
  phase	
  and	
  amplitude	
  approxima=on,	
  

weak	
  nonlinear	
  and	
  large	
  box	
  limits	
  

•  Studied	
  steady	
  state	
  Kolmogorov-­‐Zakharov	
  solu=ons	
  

•  Energy	
  spectrum	
  solu=on	
  leads	
  to	
  nonlocal	
  wave	
  interac=ons	
  

Nonlocal	
  Theory	
  
•  Local	
  four-­‐wave	
  interac=ons	
  derived	
  from	
  nonlocal	
  six-­‐wave	
  interac=ons	
  

•  Four-­‐wave	
  interac=ons	
  on	
  slowly	
  varying	
  curved	
  vortex	
  line	
  

•  Slowly	
  varying	
  curved	
  vortex	
  line	
  from	
  two	
  wave	
  modes	
  	
  

•  Proof	
  of	
  nonlocality	
  and	
  nonlocal	
  theory	
  not	
  universally	
  accepted	
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•  We	
  can	
  compute	
  the	
  expected	
  prefactor	
  of	
  the	
  spectrum	
  from	
  the	
  four-­‐wave	
  kine=c	
  
equa=on	
  

•  Numerically	
  compute	
  the	
  collision	
  integral	
  as	
  a	
  func=on	
  of	
  spectrum	
  exponent	
  

Four-­‐wave	
  collision	
  Integral	
  

•  Collision	
  integral	
  is	
  convergent	
  for	
  	
  2 < x < 9/2

•  Vanishes	
  on	
  energy	
  spectrum	
  exponent	
  
x = 11/3

Prefactor	
  formula	
  

Boué	
  et	
  al.,	
  Phys.	
  Rev.	
  B,	
  84,	
  064516,	
  (2011)	
  

•  Exponents	
  of	
  spectra	
  are	
  close,	
  however	
  spectrum	
  prefactors	
  should	
  be	
  different	
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x=11/3

!�1/3

= 0.304



Local	
  Nonlinear	
  Equa=on	
  

39	
  

•  Hamiltonian	
  simplifies	
  in	
  the	
  nonlocal	
  limit:	
  

Equa=on	
  of	
  mo=on	
  in	
  the	
  nonlocal	
  limit	
  

Logarithmic	
  contribu=ons	
  go	
  to	
  
unity	
  (20,000	
  terms	
  go	
  to	
  1)	
  

•  Results	
  in	
  the	
  physical	
  space	
  representa=on	
  of	
  equa=on	
  of	
  mo=on:	
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  Biot-­‐Savart	
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The	
  simplicity	
  of	
  the	
  local	
  nonlinear	
  equa=on	
  implies	
  easy	
  numerical	
  computa=on	
  

Numerical	
  Setup	
  

•  Single	
  periodic	
  vortex	
  line	
  

•  Include	
  spectral	
  forcing	
  at	
  large	
  scales	
  	
  

•  Addi=onal	
  dissipa=ve	
  terms	
  (hyper-­‐	
  viscosity	
  and	
  fric=on)	
  at	
  both	
  ends	
  of	
  Fourier	
  
space	
  to	
  prevent	
  boalenecks	
  and	
  to	
  create	
  non-­‐equilibrium	
  sta=onary	
  state	
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•  Observa=on	
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  L’vov-­‐Nazarenko	
  
spectrum	
  	
  

•  Predic=on	
  of	
  prefactor	
  

•  Within	
  14%	
  of	
  analy=cal	
  result:	
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k�3

Vinen,	
  Tsubota,	
  Mitani,	
  Phys.	
  Rev.	
  Le-.,	
  91,	
  13501,	
  (2003)	
  

Vortex	
  filament	
  model	
  (Biot-­‐Savart	
  equa=on)	
  

•  Oscillate	
  end	
  of	
  vortex	
  line	
  at	
  a	
  specific	
  
Kelvin	
  wave	
  frequency	
  

•  Observed	
  power-­‐law	
  wave	
  ac=on	
  spectrum	
  
behaviour	
  	
  

•  Numerical	
  data	
  could	
  agree	
  with	
  any	
  of	
  the	
  
theore=cal	
  predic=ons	
  

Before	
  theore=cal	
  
predic=ons	
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Kozik	
  &	
  Svistunov,	
  Phys.	
  Rev.	
  Le-.,	
  94,	
  025301,	
  (2005)	
  

•  Simula=on	
  of	
  the	
  Biot-­‐Savart	
  equa=on	
  in	
  the	
  Hamiltonian	
  representa=on	
  

•  Increases	
  efficiency	
  of	
  the	
  computa=on	
  
from	
  	
  

•  Decaying	
  simula=on	
  with	
  an	
  Ini=al	
  
condi=on	
  of	
  nk / k�3

•  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  scaling	
  observed	
  at	
  high	
  
wavenumbers	
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•  Finite	
  capacity	
  spectrum	
  so	
  transient	
  
scalings	
  in	
  decaying	
  setup	
  should	
  agree	
  
with	
  theory	
  

•  Scale-­‐separa=on	
  scheme	
  to	
  approximate	
  far	
  field	
  contribu=ons	
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Baggaley	
  &	
  JL.	
  Phys.	
  Rev.	
  B,	
  94,	
  025301,	
  (2014)	
  

•  Vortex	
  filament	
  model	
  without	
  any	
  far	
  
field	
  approxima=ons	
  

•  Addi=ve	
  forcing	
  and	
  (exponen=al)	
  
dissipa=on	
  filter	
  at	
  each	
  =me	
  step	
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FIG. 4. (k,!k)-plot of the logarithm of the intensity of the
2D Fourier transform of the wave amplitude a(z, t). The forc-
ing region is indicated by the vertical black structure around
k = 10, whilst the dispersion curve for weakly nonlinear KWs
can be observed emanating from the forcing region.. The
white dashed curve depicts the theoretical dispersion rela-
tion (3) of linear propagating KWs.
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FIG. 5. The compensated wave action spectra with A = 0.05
cm/s: compensated by nk k

11/3, Eq. (4b) (solid line), nk k
17/5,

Eq. (4a) (dashed line), and finally nk k
3, Eq. (4c) (dotted

line). The grey horizontal line indicates a flat compensated
spectrum.

⇤k ' 11.739 in the inertial range (k ⇠ 100), we get the
prefactor to be CCB ' 9.341 ⇥ 10�5, which is again in-
credibly small.

To conclude, we have presented a numerical simula-
tions of a single periodic vortex line forced from rest,
modeled by the Biot-Savart equation. We have made no
local/nonlocal approximations to the equation of motion,
and have considered a regime that is forced/dissipated
with the formation of a non-equilibrium stationary state.
We observe clear agreement to the L’vov-Nazarenko spec-
trum and estimated the order one prefactor to within
4% of the theoretical prediction. Additionally, we have

FIG. 6. Plot of the energy flux ✏k given by Eq. (8) along
verses k. We observe a plateau of constant energy flux in
the inertial range. The straight grey line indicates the values
✏k = 1.685⇥ 10�6.

shown that the alternative, Kozik-Svistunov theory leads
to an incredibly small energy spectrum prefactor. In
summary, all this indicates that weakly nonlinear KW
interactions are governed by the nonlocal wave turbu-
lence theory proposed in [17].
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•  Non-­‐equilibrium	
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from	
  rest	
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  5%	
  of	
  analy=cal	
  result	
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•  Assuming	
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  scaling	
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•  Decaying	
  simula=on	
  of	
  an	
  ini=al	
  large-­‐scale	
  
distribu=on	
  of	
  Kelvin	
  waves	
  on	
  GP	
  vortex	
  

•  Vortex	
  core	
  accurately	
  tracked	
  

•  Wave	
  ac=on	
  spectrum	
  constructed	
  from	
  
posi=on	
  of	
  vortex	
  core	
  

•  Nonlocal	
  Kelvin	
  wave	
  predic=on	
  of	
  L’vov-­‐
Nazarenko	
  within	
  error	
  bars	
   Cloud	
  of	
  excited	
  phonons	
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Kelvin	
  waves	
  play	
  a	
  key	
  role	
  in	
  the	
  small	
  scale	
  energy	
  transfer	
  in	
  ST	
  
•  Permit	
  energy	
  to	
  reach	
  extremely	
  small	
  scales	
  for	
  phonon	
  emission	
  in	
  the	
  zero	
  

temperature	
  limit	
  	
  

Considered	
  a	
  Hamiltonian	
  formulism	
  for	
  Kelvin	
  waves	
  
•  Theore=cal	
  treatment	
  applied	
  to	
  an	
  idealized	
  Kelvin	
  wave	
  setup	
  

Wave	
  turbulence	
  theory	
  of	
  the	
  Kelvin	
  wave	
  problem	
  
•  Leading	
  order	
  integrability	
  (LIA),	
  non-­‐resonant	
  four-­‐wave	
  interac=ons	
  
•  Extremely	
  complex	
  final	
  six-­‐wave	
  interac=on	
  coefficient	
  
•  Nonlocality	
  of	
  the	
  Kolmogorov-­‐Zakharov	
  energy	
  spectrum	
  
•  On	
  going	
  debate	
  about	
  nonlocality	
  proof	
  

Kelvin	
  waves	
  in	
  numerical	
  simula=ons	
  and	
  experiments	
  
•  Local	
  and	
  nonlocal	
  energy	
  spectra	
  are	
  almost	
  indis=nguishable	
  
•  Computa=on	
  of	
  spectrum	
  prefactor	
  as	
  an	
  alterna=ve	
  way	
  to	
  iden=fy	
  spectra	
  
•  Latest	
  numerical	
  simula=ons	
  seem	
  to	
  agree	
  with	
  nonlocal	
  theory	
  


